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Abstract. Let (X, C) be a germ of a threefold X with terminal singularities 
along an irreducible reduced complete curve C with a contraction / : (X, C) — > 
(Z,o) such that C = /~ 1 (o) re< j and —Kx is ample. Assume that a general 
member F £ [— Kx\ meets C only at one point P and furthermore (F,P) is 
Du Val of type A if index(X, P) = 4. We classify all such germs in terms of a 
general member H G \@x\ containing C. 
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1. Introduction 

1.1. Definition. Let (X, C) be a germ of a threefold with terminal singularities 
along an reduced complete curve. We say that (X, C) is an extremal curve germ 
if there is a contraction / : (X, C) — > (Z,o) such that C = / _1 (o) rc d and —Kx is 
/-ample. 

If furthermore / is birational, then (X, C) is said to be an extremal neighborhood 
}Mor88j . In this case / is called flipping if its exceptional locus coincides with C 
(and then (X,C) is called isolated). Otherwise the exceptional locus of / is two- 
dimensional and / is called divisorial. If / is not birational, then dim Z = 2 and 
(X, C) is said to be a Q-conic bundle germ MP08 . 

In this paper, unless explicitly stated otherwise, we assume that C is irreducible. 

1.2. Let (X, C) be an extremal curve germ as above. For each singular point P 
of X with P e C, consider the germ (P G C C X). All such germs (or all such 
singular points, for simplicity) are classified into types: (IA), (IC), (HA), (IIB), 
(III), (IA V ), (II V ), (LD V ), (IE V ), as for whose definitions we refer the reader to 
|Mor88j and |MP08] . The possible configurations of such points are also classified in 
|Mor88j and [MP08] . Moreover, it is known that a general member F £ | — -STjsc] has 
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only Du Val singularities and all possibilities for F are described [Mor88, 7.3, 9.10], 
|KM92| 2.2], [MP08| 1.3.7], |MP09| 2.1-2.2]. The next step in the classification is to 
study a general hyperplane section, that is, a general divisor H of \&x\c, the linear 
subsystem of \&x\ consisting of sections D C. Roughly speaking, the importance 
of this divisor can be explained as follows. Once we have this H, the total threefold 
can be considered as a one-parameter deformation of H . Then one can apply the 
deformation theory to construct X starting from a two-dimensional data H D C. 

In this paper we classify extremal curve germs of type (IA) or (IA V ) in terms 
of a general member H € \&x\c- An extremal curve germ (X, C) is said to be 
of type (IA) (resp. (IA V )) if it contains exactly one non-Gorenstein point P and 
it is of type (IA) (resp. (IA V )). For readers' convenience, we note the following 
characterization (cf. |KM92| Th. 2.2]) for an extremal curve germ (X,C) with a 
point P of index to > 1 to be of type (IA) or (IA V ) in terms of a general member 
F 6 \-K x \: (A, C) is of type (IA) or (IA V ) if and only if (i) F n C = {P} as a 
set, and (ii) (F, P) is Du Val of type A if m = 4. 

1.3. Throughout this paper if we do not specify otherwise we assume that (X, C) of 
type (IA) or (IA V ). More precisely, X contains a unique non-Gorenstein terminal 
point PeX, which is of type (I A) or (IA V ). 

A point (X D C 3 P) of index to > 1 is said to be of type (IA) if there exists 
an embedding X C x J\i m (a\, a,2, — <zi,0) such that 

C = {xl 2 - X2 1 = x 3 = x 4 =0}/(j, m (ai,a 2 ,-ai,0), 

for some positive integers ax, 0,2 with gcd(ai<22,TO,) = 1 and m € &iZ>o + a2^>o, 
and X is given by an invariant vanishing along C |Mor88( A. 3]. If / is a Q-conic 
bundle, then 0,2 = 1 by MP08, Proposition 8.5]. Points of type (IA V ) are described 
similarly |Mor88| A.3]. 

For a normal surface S and a curve V <Z S, we use the usual notation of graphs 
A (5, V) of the minimal resolution of S near V: each o corresponds to an irreducible 
component of V and each o corresponds to an exceptional divisor on the minimal 
resolution of S, and we may use • instead of o if we want to emphasize that it 
is a complete (— l)-curve. A number attached to a vertex denotes the minus self- 
intersection number. For short, we may omit 2 if the self-intersection is —2. 

Flipping extremal neighborhoods containing a terminal singular point of type 
cD/3 f [Mor85j . |Rei87j ) are classified in }KM92( Theorems 6.2 and 6.3]. Thus 
the following theorem covers the rest of extremal curve germs which contain cD/3 
points. 

1.4. Theorem. Let (X,C) be an extremal curve germ. Assume that (X,C) is of 
type (IA) and let P £ X be the non-Gorenstein point. Assume furthermore that 
(X,P) is of type cD/3. Then f is a birational contraction, not a (J-conic bundle. 
The general member H £ \&x\c an d Us image T = f(H) G \&z\ are normal and 
have only rational singularities. Moreover, if f is not a flipping contraction, then 
the following are the only possibilities for the dual graphs of (H, C) and T : 

1.4.1. A{H,C): o— •— o— o — o 

o 
3 

andT is of type A2; here {X,P) is a simple cD/3 point (gee 14. II) : 
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1.4.2. A(H,C): o 

o — • — o — o — o — o 

3 3 

o 

and T is of type D4; here (X, P) is a double cD/3 point. 

1.4.3. A(H,C): 0—0 

3 

• — o — o — o — o — o 

I 

o 

and T is of type Eg; here (X, P) is a triple cD/3 point. 

In all the cases above the right hand side of the graph for (H, C) corresponds to 
the non-Gorenstein point P G H . The left hand side corresponds to either a type 
(III) point or a smooth point of X . 

Examples are given in 14.14.11 and 14.14.21 

Note that Q-conic bundles of type (IA V ) are completely classified in |MP08j . 
The following two theorems cover the Q-conic bundles of type (IA) . 

1.5. Theorem. Let {X, C ~ P 1 ) be a Q-conic bundle germ of index m > 2 and 
of type (IA). Let P € X be the non-Gorenstein point. Then (X,P) is a point of 
type cA/m and a general member H G \&x\c * s n °t normal. Furthermore, the dual 
graph of (H',C), the normalization H' and the inverse image C of C is of the 
form 

a r ai b± b s 

O •■ — O — • — O ■• — O 

v v ' v v ' 

At A 2 

{in particular, C is irreducible) . Here the chain A\ (resp., A%) corresponds to the 
singularity of type ^(1, a) (resp., ^(1, —a)) for some integer a (g [1, to]) relatively 
prime to to. The germ (H, C) is analytically isomorphic to the germ along the line 
y = z = of the hypersurface given by the following weighted polynomial of degree 
2m in variables x, y, z, u: 

4> := x 2m - 2a y 2 + x 2a z 2 + yzu. 

in P(l, a, m — a, to). Furthermore (X, C) is given as an analytic germ of a subvariety 
of P(l, a, to — a, m) x Ct along C x given by 

+ OL X x 2m ~ a y + a 2 x m ~ a uy + a 3 x 2rn + a 4 x m u + a 5 u 2 = 

for some otx, . . .as £ t^b,C 4 and there is a Q-conic bundle structure X —t C 2 through 
which the second projection X — > Ct factors. 

An explicit example is given in 16.8.41 

1.6. Theorem ( |Pro971 §3], |MP081 Th. 12.1]). Let (X, C ~ P 1 ) be a Q-conic 
bundle germ of index 2 and of type (IA). Let f: (X,C) — > (Z,o) be the correspond- 
ing contraction. Then (Z,o) is smooth. Let u, v be a local coordinates on (Z,o). 
Then there is an embedding 

f : X c ^ P(l, 1, 1, 2) X Z Z 
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such that X is given by two equations 

51(2/1,2/2,2/3) = ipiivi, ■ ■ -,V4;u,v), 

52(2/1,2/2,2/3) = ^2(2/1, • • - ,2/45 u,v), 

where ipi and qi are weighted quadratic in yi, . . . ,7/4 with respect to wt(j/i, . . . , j/4) = 
(1,1,1,2) and ipi(yi, . . . , J/4; 0, 0) = 0. The only non-Gorenstein point of X is 
(0, 0, 0, 1; 0, 0). Up to projective transformations, the following are the only possi- 
bilities for q\ and (72 •' 

(i) qi — y\, q2 = y\ — 2/12/3; here a general member H € \&x\c is normal. 

(ii) qi — y\, 02 = 2/f> here every member H G \&x\c is non-normal. 
In both cases C is given by u = v = y\ = 2/2 = 0. 

Explicit examples are given in Sect. [7] (see also Remark l6.7.ip . 

1.7. For a triple (X, C, P) of type (IA) or (IA V ), the singularity (X, P) is either 
cA/m, cD/3 or of index 2. Extremal neighborhoods of index 2 are classified in 
[KM921 §4]. The cD/3 case is covered by |KM92i §6] and Theorem O The next 
theorem covers the remaining case. 



1.8. Theorem (cf. [Tzi05 ). Let (X,C) be an extremal neighborhood of type (IA) 
or (IA V ). Let P S X be the non-Gorenstein point. Assume furthermore that (X,P) 
is of type cA/m. Let F 6 |— Kx\ be a general member. Then there exists a member 
He \6 x \c such that the pair (X, H + F) is LC. 

1.8.1. If H is normal, then H has only log terminal singularities of type T. The 
graph A(H, C) is of the form 

ci c 2 c r c„ 
O — O •• — O •• — O 

(1.8.1.1) i 

I 

o — o • • — o 

Here the chain [ci,...,c„] corresponds to the non-Du Vol singularity (H,P) of 
type T. The chain of (~2)-vertices in the last line corresponds to a Du Val point 
(H,Q). It is possible that this chain is empty (i.e., (H,Q) is smooth). Cases r = 1 
and r — n are also not excluded. 

1.8.2. // every member of \6x\c is non-normal, then the dual graph of the nor- 
malization (H' , C) is of the form 

/-. „ n -. n a r ai ci c, bj b 3 

1.8.2.1) o •• — o — • — o •■ — o — o — o •■ — o 

V ' S v ' V v ' V v ' 

A t A 3 A 2 

(in particular, C is reducible). The chain A\ (resp., A 2 ) corresponds to the 
singularity of type — (l,a) (resp., — (1,— a)) for some a with gcd(m,a) = 1 and 
the chain A3 corresponds to the point (H' ,Q'), where Q' = C[ PI C' 2 . The strings 
[ai, . . . , a r ] and [61, ... , b s ] are conjugate (cf. I2.1.2j) . Moreover, 

J2( Ci -2)<2 and Cf + C\ + 5 - - 2) > 0, 

where C — C\ +C2 is the proper transform of C on the minimal resolution H . Both 
components of C are contracted on the minimal model of H. In this case, the triple 
(X,C,P) is analytically isomorphic to ({a — 0}, x\-axis, 0)//x m (l, a, — a, 0), where 
gcd(m,a) = 1 and a(x\, . . . ,x^) = is the equation of a terminal cA/m-point in 
C 4 //i. m (l, a, — a, 0). (In particular, (X,C) is of type (IA)). 
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Conversely, for any germ (H,C ~ P 1 ) of the form li~8.ll or 11.8.21 admitting a 
birational contraction (H, C) — > (T, o) there exists a threefold birational contraction 
f : (X, C)->(Z, o) as mO of type (IA) such that H G \&x\c- 

1.8.3. Remark. Basically this result is proved in |Tzi05| . However [Tzi05| treated 
only divisorial contractions that contracts a divisor to a smooth curve. Under these 
assumptions the result of |Tzi05j is much stronger. 

1.8.4. Remark. Note that in 11.81 H is not assumed to be a general element of 
\0x\c- If H is chosen general, then the cases and [1.8.21 cover all the cases 
under ~~~ Proposition 16.31 gives a criterion for a general member of \@x\c to 
be non-normal, and Proposition 16.61 gives, under some additional assumptions, a 
criterion for a given H to be general. 

To check divisoriality one can use the following criterion which is an immediate 
consequence of Theorem 13.11 

1.9. Theorem. Let f : (X, C ~ P 1 ) — > (Z,o) be a 3- dimensional birational ex- 
tremal curve germ. Then f is divisorial if and only if (Z, o) is a terminal singularity. 

One of our technical tools is the deformation of extremal curve germs. In par- 
ticular, the following result shows that for every extremal curve germ / : (X, C) — > 
(Z, o) the contraction / deforms with X . Combined with Theorem II .91 it allows us 
to run MMP for every deformation of an extremal curve germ which may not be 
Q- factorial. 

1.10. Theorem (cf. [KM92| (11.4)], IMP08| (6.2)]). Let f : (X,C) -> (Z,o) 
be an extremal divisorial (resp. flipping, (J-conic bundle) curve germ, where C 
is not necessarily irreducible. Let ir : X — » (C^,0) be a flat deformation of X = 
Xq := 7r -1 (0) over a germ (C^,0) with a flat closed subspace C C X such that 
C = Co- Then there exist aflat deformation Z — > (C^,0) and a proper C\-morphism 
f : X — ¥ Z such that / = fo and fx : {X\, fT 1 (oA) rc d) (Z\,o\) is a divisorial 
(resp. flipping, Q-conic bundle) extremal curve germ for every small X, where 
o\ := f\(C\). 

1.11. Conventions. We work over the complex number field C. Notations and 
techniques of |Mor88 j will be used freely. In particular, for a terminal singularity 
(X, P) the index-one cover is denoted by (X",P") — > (X,P) and for a subvariety 
V C X its preimage is denoted by VK 

2. Preliminaries 
2.1. Some facts about two-dimensional toric singularities. 
2.1.1. Notation. A continued fraction 

oi (<xi, . . . , a r > 2) 



a r 

is denoted by [a±, . . . ,a r ] and called a string. Write m/q = [a\, . . . , a r ], where 
gcd(m, q) = 1. Given m and q this expression is unique. It is well-known that the 
minimal resolution of the cyclic quotient singularity — (l,q) is a chain of smooth 
rational curves whose self-intersection numbers are — aj., . . . , — a r . 
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2.1.2. Definition. We say that a string [b%, . . . , b s ] is conjugate to [ax, . . . , a r ] if 
[bx, . . . ,b s ] = m/(m - q). 

2.1.3. Lemma. 

(i) // the strings [ax, ■ ■ ■ , a r ] and [bx, ■ ■ ■ , b s ] are conjugate, then ether ax = 2 
or bx = 2. 

(ii) The strings [a\, . . . , a r ] and [b±, . . . , b s ] with a\ = 2 and r > 1 are conjugate 
if and only if so are [02, ... , a r ] and [bx — 1, . . . , o s ]. 

(iii) TTie strings [ax, ■ ■ ■ , a r ] and [bx, ... , 6 a ] are conjugate if and only if so are 
[a r , . . . , ai] and [o s , . . . , 61]. 

2.2. T-singularities. 

2.2.1. Definition ( KSB88 ). A normal surface singularity is said to be of type T 
if it is log terminal and admits a Q-Gorenstein one-parameter smoothing. 

2.2.2. Proposition ( [LW861 Prop. 5.9], |KSB881 Prop. 3.10]). A surface sin- 
gularity is of type T if and only if it is either Du Val or a cyclic quotient of type 
i(a, b), where gcd(n, a) = gcd(n, b) = 1 and (a + b) 2 = mod n. 

By 12.11 any non-Du Val T-singularity is represented by some string [ax, ■ ■ ■ ,a r }. 
Then we say that [ai, . . . , a r ] is a T -string, or a string of type T. 

2.2.3. Proposition ( |KSB88( Prop. 3.11]). 

(i) The strings [4], [3, 3], and [3, 2, ■ • • , 2, 3] are of type T. 

(ii) If the string [ax, ■ ■ ■ , a r ] is of type T, then so are [2, ax, ■ ■ ■ , a r _i, a r + 1] 
and [ai + 1 , ci2 , . . . , a r , 2] . 

(iii) Every non-Du Val string of type T can be obtained by starting with one 
described in (i) and iterating the steps described in (ii). 

2.2.4. Corollary. Let (X,P) be a Q-Gorenstein isolated threefold singularity and 
let H C X be a surface such that H is a Cartier divisor. If the singularity (H, P) 
is log terminal, then (H, P) is a T-singularity and the point (X, P) is terminal of 
type cA/n or isolated cDV. 

Proof. The only thing we have to prove is the last statement. By the Inversion of 
Adjunction |Sho931 §3], |Kol92[ Ch. 16] the pair (X,H) is PLT. Since H is Cartier 
and (X, P) is isolated, it is terminal. Clearly, we may assume that (H, P) is not 
Du Val. Let F e |— Kx\ be a general member. Then F\u is a general member 
of \-K H \. Since (H, P) is cyclic quotient (by Proposition |2~2~2"|) , (H,F\ H ) is LC. 
Again by the Inversion of Adjunction the pair (X, H + F) is also LC. But this 
means that (F, P) is of type A and so (X, P) is of type cA/n. □ 

2.3. Two-dimensional contractions. The following fact is easy and well-known 
(see, e.g., [ProOll Lemma 7.1.11]). 

2.3.1. Lemma. Let v : S — >• R 3 o be a rational curve fibration germ over a 
smooth curve and let C :— w _1 (o) rc( j. If the pair (S,C) is PLT, then there is an 
analytic isomorphism 

where gcd(a, m) = 1. The graph A(S, C) is of the form 

a r ai bi 6 S 

o ■• — o — • — o •• — o 

where [ax,.. . , a r ] and [bx , ■ ■ ■ , b r ] are conjugate strings. 
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2.3.2. Lemma f |Sho93| Th. 6.9], |Kol921 Prop. 12.3.1-2]). Let v : S -> R be a 

rational curve fibration germ over a smooth curve and let A be an effective Q,- divisor 
on S such that K$ + A = over R. Assume the locus of log canonical singularities 
LCS{S,A) of(S, A) is not connected near a fiber v~ l {o), o 6 R. Then near v (o) 
the pair (S, A) is PLT and [AJ is a disjoint union of two sections. 

2.3.3. Lemma. Let C be a smooth complete curve contained in a normal surface 
H. Assume that the pair {H,C) is not PLT at some point, say P G C, and 
(K H + C) ■ C < 0. Then 

(i) H has at most two singular points on C. 

(ii) If H is singular at a point Q € C and Q ^ P , then the pair {H, C) is PLT 
at Q. The dual graph A (IT, C) for the minimal resolution of {H, C) at Q 
is of the following form: 

bi b r 

• — o — • • — o 
C " v ' 

(H,Q) 

If moreover {H, Q) is a Gorenstein point, then it is Du Val. 

Proof. By the Inversion of Adjunction |Sho931 §3], |Kol921 Ch. 16] one has (K H + 
C)\ c = K c + BiS c {0), where Diff c (0) is a Q-divisor with support at CnSing(iJ). 
Moreover, the multiplicity of Diffc(O) at every point of C n Sing(iJ) is at least 
1/2 and its multiplicity at P is at least 1. Since degDiffc(O) < — deg Kc = 2 the 
assertion of (i) follows. As for (ii), we see that the multiplicity of Diffc(O) at Q 
is less than 1. Again by the Inversion of Adjunction the pair (H, C) is PLT at Q. 
The rest follows from the classification of surface PLT pairs (see, e.g., [Kol921 Ch. 
3]). ' □ 

2.4. Lemma. Let (X, C) be an extremal curve germ and let f : (X,C) — > (Z,o) 
be the corresponding contraction. Assume that a member H G \@x\c is normal. If 
(X, C) is a Q-conic bundle germ, then H has only rational singularities. 

Proof. The assertion follows from the observation that H — > f(H) is a rational 
curve fibration. □ 

2.5. Theorem ( |Mor881 7.3], [MP081 1.3.7]). Let (X,C) be an extremal curve 
germ of type (IA) or (IA V ) and let P G X be the non- Gorenstein point. Then a 
general member F G |— Kx\ does not contain C and has only Du Val singularity of 
type A at P. 

2.6. Proposition. Let f : (X,C) — > (Z,o) be a contraction from a threefold with 
only terminal singularities such that C is a {not necessarily irreducible) curve and 
—Kx is ample. Let F G |— Kx\ be a general member. Assume that FC\C is a point 
P such that {F, P) is a Du Val singularity of type A. Then, for a general member 
H G \0x\c, the pair (X, F + H) is LC. 

If f is birational, then so is the pair (Z,Fz +T), where Fz — f(F) G \—Kz\ 
and T := f(H) G I n this case, (T,o) is a cyclic quotient singularity. 

Proof. First we consider the case where / is birational (this case was considered 
in }Tzi05j ). Then (F z ,o) ~ (F, P) is a Du Val singularity of type A. Let T be 
a general hyperplane section of (Z, o). Then T n Fz is general hyperplane section 
of {Fz, o). Clearly, T C\Fz = Fi + F2 for some irreducible curves Fi and the pair 
{Fz, ri+r 2 ) is LC. By the Inversion of Adjunction so is the pair (Z, Fz+T). Hence 



s 



SHIGEFUMI MORI AND YURI PROKHOROV 



(T, Fi +T2) is LC and (T, o) is a cyclic quotient singularity (see, e.g., IKol92| Ch. 
3]). Take H := f*T. Then K x + F + H = f*(K z + F z + T), i.e., the contraction 
/ is Kx + F + ii-crepant. Hence the pair (A, F + H) is LC. 

Now consider the case where Z is a surface. First we claim that (A, F + H) is 
LC near F. Consider the restriction <p = fp : (F, P) — > (Z, o). Let S C Z ~ C 2 be 
the branch divisor of ip. By the Hurwitz formula we can write Kp = tp* \Kz + 5SJ . 
Hence, 

Kp+H\ F = ip*(K z + ^E + T). 

Using this and the Inversion of Adjunction we get the following equivalences: 
(X, F + H) is LC near F (F, H\p = <p*T) is LC (Z = C 2 , ±3 + T) 

is LC. Thus it is sufficient to show that (Z, |S + T) is LC. 

Let i>) = be the equation of H c C 2 . Then [F, P) is given by the equation 
w 2 = £(u,v) in C 3 w . By the classification of Du Val singularities we can choose 
coordinates u, v so that 

Z = u 2 + v n+1 . 

Take T := {v — u = 0}. Then ordo v)|t = 2. By the Inversion of Adjunction 
the pair (Z,T+ iS) is LC. 

Thus we have shown that (X, F + H) is LC near F. Assume that (X, F + H) 
is not LC at some point Q £ C. By the above, Q £ F. Note that H is smooth 
outside of C by Bertini's theorem. 

Assume that H is not normal. Let v : H' — > H be the normalization and let 
C := ^(COrcd- Write 

K H , + DiS H (F) =v*{K x +H + F) ~ 0. 

Here DiS H (F) = C + v~ 1 (F\h), where C = f _1 (C). By the Inversion of Ad- 
junction C is reduced and (H' , C + v~ 1 (F\u)) is not LC at v~ x {Q). Now we can 
apply Lemma [2X2] to (H', C + v~ x (F\ H ) - ev*{o)). □ 

2.6.1. Corollary. Under the assumptions of \2.Q[ if H is not normal, then there is 
an analytic isomorphism (H,P) ~ {x'^2 = 0}//x m (a, —a, 1). 

Proof. Let tt : (A^P 8 ) (A, P) be the index-one cover and let H$ := n*H, 
F* := n*F. Then the pair (X*,H* + P B ) is LC. 

Assume that (A, P) is not a cyclic quotient singularity. One can choose a fi m - 
equivariant embedding A" C ^ so that wt(xi, . . . , X4) = (a, —a, 1, 0) mod m 

and A" is given by the equation X1X2 — 0(x™,X4), where ordo 4> > 2. For some 
hypersurfaces D = {£ = 0} and S — {ip — 0} in C 4 ^...^ we have i?» = L> n A» 
and f« = Sn A B . By the Inversion of Adjunction the pair (C 4 , X s + D + S) is 
LC. On the other hand, by blowing up the origin we get an exceptional divisor of 
discrepancy 

a(E, A tt + D + S) = 3- 2- ord £ - ord V > -1- 

Hence, ordo £ = 1. Since £ is an /x m -invariant, it contains the term X4. Thus 
£ = x 4 - where ord £' > 2. Then is given by two equations £1X2 = 4>(x™, £') 
and X4 = By changing coordinates we get what we need. 

Now assume that (A, P) is a cyclic quotient singularity. Then A" ~ C 3 . 
Again one can choose a coordinate system x\, X2, X3 in C 3 so that wt(xi, x%, X3) = 
(a, —a, 1) mod m. Let £ be the equation of HK By blowing up the origin we get 
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ordo £ < 2. On the other hand, £ is an invariant. Hence, £ contains the term Xx%2 
(possibly up to permutations of coordinates if a = ±1). □ 

3. Deformations of 3-dimensional divisorial contractions 

In this section we recall and set up deformation tools to study extremal curve 
germs. 

3.1. Theorem. Let f : (X,C) —> (Z,o) be a 3-dimensional divisorial extremal 
curve germ, where C is not necessarily irreducible, and let E be its exceptional 
locus. Then the divisorial part of E is a Q-Cartier divisor. If furthermore C is 
irreducible, then E is Q-Cartier and (Z,o) is a terminal singularity. 

3.2. Theorem (cf. [KM92| (11.4)], |MP08| (6.2)]). Let f : (X, C) -> (Z,o) 
be an extremal divisorial (resp. flipping, Q-conic bundle) curve germ, where C 
is not necessarily irreducible. Let ir : X — > (C^,0) be a flat deformation of X = 
Xq := 7r~ 1 (0) over a germ (C^,0) with a flat closed subspace C C X such that 
C = Cq. Then there exist aflat deformation Z — » (C^,0) and a proper C\-morphism 
f : X — ¥ Z such that f = fo and fx : {X\, K 1 (oA) rc d) [Z\,o\) is a divisorial 
{resp. flipping, Q-conic bundle) extremal curve germ for every small X, where 
o\ := f\(C\). 

3.2.1. Corollary. Let f : {X,C) — > (Z,o) be an extremal divisorial curve germ, 
where C is not necessarily irreducible. Let P^ r ' S X be singular points. 

Let (X\,P^) D (C\,P\ ) be a set of local 1 -parameter analytic deformations of 
(X,P^) D (C,PW). Then it extends to a 1-parameter analytic deformation X\ D 
C x D {PP , . . . , P^} of global X D C D {pW, . . . , pW} in the sense that there 
exist a flat deformation Z — > (C^,0) and a proper <C\-morphism f : X — >• Z such 
that f — fo o-nd fx '■ {Xx, f^ 1 (oA)rcd) (Zx,ox) is a divisorial extremal curve germ 
for every small X, where ox := f\(C\). 

We need the following easy lemma which can be found in [Bin81, (9.3)] (without 
proof). 

3.3. Lemma. Let p : T> — >• X D £ be an arbitrary analytic morphism and let I C X 
be a compact subset such that p^ 1 ^) is compact. Then there exist open subsets 
W D p' 1 ^) ofV and V D p(W) of X such that p\w ■ W -> V is proper and p(W) 
is an analytic subset ofV. 

Proof. There is an open subset U D p _1 (^) of V such that U is compact (and U is 
open and closed in T> \ dU). Since p(dU) is a closed set disjoint from £, there is an 
open set V D I such that V is disjoint from p(dU). Then p^ 1 ^) is disjoint from 
dU. Hence W := U Cip^ 1 ^) is an open and closed subset of p^iV) and is W C U 
is compact. Hence p\w '■ W —> V is proper. This means that p(W) is an analytic 
subset of V. □ 

The following is the key step in the proof of 13.11 and !3.2l 

3.4. Proposition. Let f : (X,C) — > {Z,o) be a divisorial extremal curve germ, 
where C is not necessarily irreducible. Let ff : X — > (C\, 0) be a flat deformation of 
X = Xo := 7f _1 (0) over a germ (C^,0). 

(i) Let X A be the completion of X along X = 0. Then f : X — > Z extends to a 
contraction f A : X A -> Z A . 
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(ii) Let n be an arbitrary positive integer. Then there exist flat deformations 
7r : X — > (C\,0) and Z — > (C A ,0) and a proper C\-morphism f : X — > Z such that 
TT( n ) — 7T(n), f — fo, o-nd f\ : X\ — V Z\ is a divisorial contraction (which contracts 
a divisor to a curve) for every small X, where A^ := A x c i SpecC[[A]]/(A' i+1 ) for 
any object A over C\ and i > 0. 

Proof. Let <fr e H°(X, &x) be a general section vanishing on C and H (resp. Hz) 
the member of \(?x\ (resp. \@z\) defined by <j) (resp. /*</>). We note that H (resp. 
Hz) is smooth outside C (resp. o) and / induces an isomorphism H \ C ~ Hz\{o}. 

Then as in [KM921 (11.3)-(11.4)], the miniversal deformation spaces Def(P) 
and Dcf(iiz) exist as analytic spaces and / induces a complex analytic morphism 
Def(f,H) : Def(iJ) -> Def(F z ). Let : X -> be the morphism defined by 
s = 0. This morphism is a flat family of H over C*. Thus we have an induced 
morphism w : C] — s> Def(iJ), i.e. an element w € Hom(Cg, Def (iJ)). Furthermore 
X, Z, and / can be reconstructed by the morphism w : (Cg,0) — > Def(iJ). Our 
goal is to construct the following morphism extending w. 

w:(Cl x ,0)—>Dei(H) 

Since R 1 f*&x = 0, the section <f> extends to a formal section cf> on the completion 
X A of X along X. This proves (i). We thus see that w € Hom(Cj, Def(H)) extends 
to w G Hom((C2 A ,0) A ,Def(iJ)), where {C 2 s Xl Q) A is the completion of (C^ A ,0) 
along {A = 0}. Then by |Art681 Theorem 1.5, (i)], w can be approximated by an 
analytic extension w G Hom((C^ A , 0), Def (H)) of w. This gives us a flat family X 
over C\ approximating X. 

It remains to settle divisoriality. Arbitrarily close to C there is an /-exceptional 
curve £ ~ P 1 such that Nyx — @l ® 1) which sweep out an /-exceptional 
divisor of X. Hence Ng/x — &f 2 © 6i{—V) and there are no obstructions to 
deforming these I out to X\ and hence f\ contracts a divisor. This proves the 
statement (ii) of our proposition. □ 

Proof of Theorem^A\ Let P^\...,P^ e X be singular points. As in |Mor881 
Appendix lb] one can see that every local deformation of singularities extends 
to a deformation of global X. For every terminal sing ularity (X,P^) we take a 
Q-smoothing, a deformation whose general member has only cyclic quotient singu- 
larities [Rei87l (6.4)]. By the above, there exists a one-parameter deformation X 
over a disk in C\ such that Xq ~ X and, for small A ^ 0, the fiber X\ has only 
terminal cyclic quotient singularities. Then we apply Proposition |33J (ii)- In nota- 
tion of Proposition I3.4[ there exists a divisorial contraction f : X — >• Z contracting 
a divisor £ (the divisorial part of the exceptional locus) to a surface on Z and, for 
small A ^ 0, the fiber X\ also has only terminal cyclic quotient singularities because 
at every singular point P of X the local germ of X at P can be approximated by 
one of X to an arbitrarily high order of A. 

Let P G X = Xo be a singular point and let (X\P^) be the index-one cover. 
Then the local deformation (X, P) is induced by a deformation (X\ P") of (X*, P*) 
(cf. |Ste88[ The last paragraph of §6]). Since the germ (X^, P") is a hypersurface 
singularity |Rei83) . so is (A?",P"). Moreover, the singularity (A , ",P") is isolated. 
Hence by }Gro68| Exp. XI, Corollary 3.14] the variety X$ is factorial at P" and 
so A" is Q- factorial at P. In particular, £ is a Q-Cartier divisor. Thus £\x = E 
on X \ C. If moreover C is irreducible, then yo(AT) = 1 (see [Mor88, (1-3)]) and so 
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Kx ~q£|x< Hence, £ \x is negative on C and £\x D C. This implies that E = £\x 
and it is also Q-Cartier. □ 



Proof of Theorem^M The flipping case follows from |KM92| (11.4)] and the Q- 
conic bundle case from |MP08i (6.2)]. So, we assume that / is divisorial. Let 
E C X be the exceptional divisor of / and let E^'s be its irreducible components. 
Then, for each i, B L := f(Ei) C Z is an irreducible curve passing through o. 

First, we treat th case where C is irreducible. Then by Theorem 13.11 E is a 
Q-Cartier divisor and Z 3 o is a terminal singularity. 

For each Ei, choose a smooth fiber of E- L -3 Bi and let [t^] degenerate to 
[£i] lying over o in the Douady space of X/Z. We assume each [£■] is chosen 
arbitrarily close to [tt\. Consider the closed subspace A' of the Douady space of 
X/Z parametrizing all compact subspaces F C X with SuppF C C. Then each 
irreducible component of A' is compact, cf. Fuj79], and let A be the smallest open 
and closed subset of A' containing all [£i\. Thus A is also compact. Then we work 
on a sufficiently small neighborhood T>' of A in the Douady space of X/C\ such 
that V 3 [Q for each i. 

We note that X is smooth along each l\ and N e y x ~ ff® 2 © ^/(-l). Hence V 
is smooth of dimension 2 at each [^]. Let D C D' be the smallest one among the 
union of the irreducible components of V such that T> 3 [t^] for all i. Then V is a 
two-dimensional closed subspace of V . 

Let T C A" x c i T> be the universal closed subspace parametrized by T> with two 
projections ir : T T> and p : T — >• A". 

We note that p _1 (C) C A and it is compact because the variety Xq — X has a 
divisorial contraction to Z, C is the fiber over o £ Z, and 7r -1 (i) does not intersect 
C for t £ A. 

Let £ := p(T) C A be the image of the proper morphism p and it is an analytic 
subset by Lemma 13.31 We also denote by p : T — > £ the morphism induced by p 

and let p : T T — > £ be the Stein factorization of p so that p',£?r — @r- 
3.4.1. Claim. £ is a Q-Cartier divisor. 

Proof. Let X h be the completion of X along A = 0. By Proposition 13.41 (i) the 
morphism / : X — > Z extends to a contraction f A : X A — > Z A , where Z A is 
Q-Gorenstein Stc88, Corollary 10] because Z is terminal. Comparing Kx^ and 
f A *Kz* we see that there is an effective Q-Cartier divisor F A ^ Q -fOt A — f A *^2 A 
on X A such that F A \ X * = E A and T A = £ A outside of C A . Hence F A = £ A . □ 



Now we define a morphism q : T> -3- B such that q(p~ 1 (C)) is one point as follows. 
Take a general point £ of C and take a small 3-dimensional disk (A 3 , 0) centered 
at C an d transversal to C at (. Then the Cartier divisor A 3 in a neighborhood 
of C induces a Cartier divisor of T finite and flat over V. Let d be the degree of 
p^ 1 (A 3 )/V. Then i 6 D 4 7r _1 (x) np~ 1 (A 3 ) associates to x a 0-cycle of degree 
d on A 3 and we have thus a required morphism q : T> -3 B := S^A 3 ) such that 
qip-^C)) is the 0-cycle d - [0]. 
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We claim that we have a proper morphism r : T —> B making the following 
diagram commutative 

p' - P 

7T r 
q * 

v >■ B 

Indeed since q(Tr(p^ 1 (C))) is one-point d ■ [0], we can shrink 8 so that q(T>) is 
contained in a Stein open neighborhood of d ■ [0]. Hence the morphism T — > B 
factors through p' : T — > T and the claim is proved. 

We claim that p, p' ', p are isomorphisms over every l\ and in particular p is 
finite and bimeromorphic. Indeed by N/j.jx — ffi (— 1), P is an isomorphism 
near 7r -1 ([^]) and by the divisorial contraction on X = {A = 0} C X one has 
p~ x {l§ = tt- 1 ([^]). These settle the claim. 

Let c := Jffom0 T (0f, 0-f) be the conductor of p and let V(c) C T be the locus 
defined by c. Then we claim that r(V(c)) is finite over C^. Indeed this is obvious 
since r(V(c)) jf q([i'i\) and the fiber of r(V(c)) over {A = 0} is a finite set. 

Let J C &b be an arbitrary sheaf of ideals such that Jffj- C c and V(J) is finite 
over C\. By [Bin81, Theorem (6.1)] we have the following digram 

V(J) »C\ 

q' 

where £' :— £>Uv(/)C!a is the amalgamated sum (coproduct) of B and over 
V(J) and q' : B — > £' is a bimeromorphic finite morphism. Since c is the conductor 
of p, we have 

and the following commutative diagram. 

V T (c) *V s (c) 



These two diagrams fit into a big one which allows us to define an induced morphism 




T- >£ - V(J) 
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Finally we have the following commutative diagram: 

P 




For any i, j > the sheaf &is{—j£) denotes the quotient 6 x{— j£)/^x(—(i + 

3.4.2. Claim. For any i, j > we have R 1 rj*0i£(—j£) = 0. Therefore, the 
following sequence 

— > r)*@is{-j£) — > r)*@(i +j )£ — ► r)*6>j£ — > 0. 

is exact. 

Proof. By the Kawamata-Viehweg vanishing |Nak87| Theorem 3.6] 
R 1 f*&x{—kE) — for k > 0. Then from the exact sequence 

— ► 0x{-{i + j)E) — > ffx{-jE) — > iE (-jE) — ► 

we see that i? 1 f*&iE(—jE) = for i, j > 0. Now we assert that the following 
sequence 

— ► ^if(-j^) A ^ i£ (-j£) — > ff iE {-jE) — ► 

is exact for i, j > 0. Recall that the space A 7 is Q-Gorenstein |Ste881 The last 
paragraph of §6] . Consider the index-one cover v : (AfH.P") -> (A 7 , P) with respect 
to £ at an arbitrary point P € X. Since the map v is etale in codimension two, 
both and X" := are terminal. The induced divisors £' and E$ are 

Cartier on A"' and X$, respectively, and E^ = £"|x«- Hence the assertion on 
exactness can be readily checked on XK Then by Nakayama's lemma we obtain 
R 1 V*^ £ (-j£) = 0. □ 

Fix a positive integer m such that both mE and m£ are Cartier and define a 
ringed space £" as a topological space Spec £ / f?*^£ with the sheaf of rings n^ffms . 
Then £" is a complex space by Claim [3T4.2I and [Bin.811 §10]. 

Now we would like to show that X has a modification, and in order to do that we 
would like to check the conditions (1) and (2) of Corollary (8.2) of Bingener |Bin81 
for the morphism X D m£ — > £" induced by r\. The condition (1) is obvious because 
— £ is ample, and the condition (2) follows from the exact sequence in Claim I3A2I 
with j = 1. Thus the desired contraction f : X Z exists by |Bin81| Corollary 
(8.2)]. So the proof of the case of irreducible C is completed. 

Now we consider the general case, i.e. we assume that C is reducible. Run an 
analytic MMP on X in the following way. Every irreducible i^-negative curve on 
the central fiber of X/Z generates an extremal ray on X. By |KM92, (11.7)] flips on 
X extend to ones on X. So do divisorial contractions by our previous arguments. 
By Theorem 13.11 we stay in the terminal category. At the end we get X' C X'/C\ 
such that X' is a minimal model over Z. Moreover, all fibers of /' : X' — > Z are 
of dimension < 1 and —Kx> is ample over Z outside of the central fiber. Hence, 
/' : X' -> Z is a small contraction. Note that R x fl0 X ' = R x f*@x = 0. By 
}KM92[ (11.4)] the contraction /' : X' ->• Z extends to f : X' -> Z. Thus we have 
a bimeromorphic map f : X ---> Z. By Zariski's Main Theorem this map is actually 
a proper morphism. This proves Theorem 13.21 □ 
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4. Case cD/3 
In this section we prove Theorem ll.4l 

4.1. Setup. Let (X, C) be an extremal curve germ and let / : (X, C) — > (Z, o) be 
the corresponding contraction. In particular, / can be flipping. Throughout this 
section we assume that (X, C) is of type (IA) and the only non-Gorenstein point 
P G (X, C) is of type cD/3 |Mor85j . |Rei87j . Our arguments here are very similar 
to those in |KM921 §6] . Note that by Corollary EO^fl the point (H, P) is not log 
terminal for any divisor H G \Gx\c- Let a — (a\, . . . , o~ n ) be a weight. Below, for 
a formal power series a in n variables, a a=m means the sum of the monomials in 
a whose a- weight is m. Put a := (1, 1,2,3). As in [KM921 6.5], up to coordinate 
change the point (X, P) is given by 

{"(2/1,2/2,2/3,2/4) = 0} c €^^3^/^3(1,1,2,0), 

where 

a = 2/f + 2/f + £3(2/1,2/2) + (terms of degree > 4), 

£3(2/1,2/2) = Q!o-=3 (2/1, 2/2,0, 0) ^ 0, wta = mod 3, and C" is the 2/i-axis. If 
£3(2/1,2/2) is squarefree (resp. has a double factor, is a cube of a linear form), 
then (X,P) is said to be a simple (resp. double, triple) cD/3 point. The general 
member F G |— Kx\ modulo a coordinate change is given by the equation y\ = 
(see lRei87] V 

4.2. Lemma. In the above coordinate system there exists a member H G \&x\c 
given by the equation y^ = £, where £ = £(2/1, 2/2, 2/3) * s an invariant in the ideal 
(2/2, 2/3) 3 +2/l(2/2, 2/3) ■ 

Proof. We have the following exact sequence 

— > lux — > &x — > 0f — > 0. 

If / is a birational contraction, then R 1 f*ujx — by the Grauert-Riemenshneider 
vanishing theorem. Hence any section s G 0f lifts to a section s G f*0x- So, 
the assertion is clear in this case. Assume that / is a Q-conic bundle. Obviously, 
r := f\p is a double cover. Since R 1 f*LJx = (see [MP08[ Lemma 4.1]) and 
ljf — we have 

f*^x — > t*lof — > u z — > 0. 

The last map is nothing but the trace map Ttf/z '■ t^ujf — > wz. According to 
[MP091 2.1-2.2] the induced map 

f*^x — > t*lj f /t*ujz 
is surjective. We may assume that the equation of F in C y2 y3 yi is as follows 

/3(2/2,2/3,2/4) := "(0,2/2,2/3,2/4) = 2/4 + 2/1 + £3(0,2/2) + (terms of degree > 4). 
Locally, near P", the sheaf w F t is generated by 

_ dy 2 A dy 3 A dy 4 _ ^2/2 A riy 3 _ <iy 2 A dy 4 _ A ch/ 4 

?? "~ 68 /? ~ dp/dy 4 ~ d[3/dy 3 ~ dp/dy 2 ' 

Since 77 is an invariant, it is also a generator of near P. Further, since Z is 
smooth, one has 

T*fl z = T*LJz C fijr — ► Wf. 
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The generators of Gf.p are ?/4, w :— 2/22/3, u := 2/2, an d v := 2/3 with relations 
m« = w 3 and 2/4+w + u + -- - = 0. Eliminating v we get three generators 2/4, u 
and one relation u(u + y\ + •••)+ w 3 = 0. Hence Hp is generated by the elements 

dwAdu = d(y 2 y 3 ) A = 3y 3 ,dy 3 Ady 2 , 

duAdy 4 = d(y%)Ady 4 = 3y 2 dy 2 A dy 4 , 

dw A e?2/4 = d(y 2 y 3 ) A = 2/2^2/3 A ^2/4 + 2/3^2/2 A dy 4 . 

Then fi^ is contained in 77/, where 

7 := (yldf3/dy 4: y 2 2 d(3/dy 3 , y 2 df3/dy 2 , y 3 d(3/dy 3 ) C (2/2, 2/3, 2/ 4 ) 3 - 

So, t*uj z C {t*uj f )I. Therefore, for some f G I the section s = 2/4 — £ £ lifts to 
a section s £ f*&x- Since 

s = 2/4 mod (2/2, 2/3, 2/4) 3 + 2/1(2/2,2/3, 2/4), 
one can apply Weierstrass' preparation theorem to get Lemma 14.21 □ 

4.3. Corollary. Ify 4 is a part of an i-free £-basis o/gr^ ff, then a general member 
H £ \6x\c i s normal. 

4.4. Recall that t(P) := lcn P « lt( 2 )/fl 2 }Mor881 9.4.7]. According to |Mor88. 2.16] 
we have ip(l) = [£(P)/3\ + 1 and the coordinate system (j/j) can be chosen so that 
a = yf P) yi mod (2/2, 2/3, 2/4) 2 , where i e {2, 3, 4} and £{P) + wty, = mod 3. 
Since (X,P) is of type cD/3, we have £{P) > 1. 

Now we are going to prove Theorem 11.41 by considering cases according to the 
value of £{P). We start with the case i(P) = 2. 

4.5. Theorem. Let the notation and assumptions be as in 14.11 Assume that 
£{P) = 2 or, equivalently, ip(l) = 1. Then the following assertions hold. 

4.5.1. The contraction f is birational; the general member H G \&x\c an d its 
image T — f(H) £ \&z\ are normal and have only rational singularities. 

4.5.2. If f is flipping (resp. divisorial), then P is not a triple cD/3 point and the 
dual graph of (H, C) is given as follows with a — {resp. a = 1). 

(4.5.2.1) Case of simple cD/3 point P: 

3 3 
o • • — o — • — o — o — o 

a o 
3 



(4.5.2.2) Case of double cD/3 point P: 



o — o — o ■ 
3 3 



4.5.3. grj, 0=(a)@ (-a + P») 

We now start the proof of Theorem 14.51 
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Proof. Additionally to|4J]we assume that i(P) = 2. Then by |Mor88| 2.16] i P (l) = 
1 and (in some coordinate system) a satisfies a = y\y 2 mod (2/2, 2/3, Hi) 2 - Here G* 
is the j/i-axis as above. Hence, 2/3, 2/4 form an ^-basis of gr^ G. By Corollary 14.31 
H is normal and by Lemma 12.3.31 H \ {P} can have at most one singular point R 
which is Du Val. Therefore, X can have at most one type (III) point. 

4.5.4. Subcase a a =3(yi, 2/2, 0, 0) is squarefree. By KM92, 6.7.1] and Lemma 
[2331 the graph A(H, C) is of the form 

3 
o 



o ■ o — • — o — o — o 

v ' 3 3 

a 

We have a < 1, since the corresponding matrix is negative semi-definite. But then 
this matrix is negative definite. Hence the contraction / is birational. If a — 1, 
then H is contracted to a singularity T = f(H) of type A2. Since T is Gorenstcin, 
/ is a divisorial contraction as in 11.4.11 If a = 0, that is, P is the only singular 
point of H, then H is contracted to a singularity T = f(H) with the following dual 
graph 

3 
o 

o — o — o 
3 

Let s € H°(X, &x) be the section defining H . Then sGc C gr^ G is a subbundlc 
outside P since H\{P} is smooth. At P", sGq is a subbundle of gr^ G^ by Lemma 
14.21 whence s&c — (0) with ^-structure. Since deggr^ G = by ip(l) = 0, we have 
grj, G = (0) (P*)- Thus / is flipping by [KM921 (6.2.4)]). 

By 14.5.41 it remains to consider the case where 0(7=3(2/1, V2, 0, 0) has a double 
factor. Note that 2/2 divides a a —s(yi,y2, 0, 0) because C* — (2/1-axis) c bince 
£(P) = 2, 2/22/1 £ a - Then making a coordinate change 2/1 l— ► 2/1 + C2/2 we get 
a CT=3 (2/i,2/ 2 ,0,0) = 2/12/2 and C* unchanged. 

4.5.5. Subcase a CT=3 (j/i, 2/2, 0,0) = yfy 2 and a CT=6 (0, 2/2, 2/3> 0) is squarefree. As 
above by [KM921 6.7.2] and Lemma [2331 the graph A(if, C) is of the form 

o 

o ■ o — • — o — o — o — o 

s v ' 3 3 

a 

o 

with a < 1. Again if a = 1, then T is Du Val of type D4, so / is a divisorial 
contraction as in ll.4.21 If a — 0, then similarly to !4.5.4l the contraction / is flipping 
(cf |KM921 (6.2.3.2)]). Since sG* c is a subbundle of gr^„ G% at P», as we saw above, 
it is easy to see 14.5.31 

4.5.6. Subcase a <T=3 (y l ,y 2 ,0,0) = yjy 2 , and a a=6 (0, 2/2, 2/3, 0) has a multiple 
factor. We will show that this case does not occur. Assume that / is birational. 
Then the map H°(G X ) -> H°(G F ) is surjective [Mor881 Th. 1.2]. Therefore, 
for any A G C* there is a semi-invariant S with wt S = 2 such that the section 
2/4 + Aj/I + Syi extends to some element H' € \Gx\c- After the coordinate change 
2/4 = 2/4 + A2/2+<5j/i we see that H' is given by y' 4 = and a' = a (2/1, 2/2, 2/3, 2/4— Ayf- 

Note that 2/4 G a, 2/4 ^ a, and a may contain 2/| 2/4- Thus a^ =3 (2/i, 2/2, 2/3,0) = 
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0^=3(2/1,2/2, ?/3,0) and o^ =6 (0, 2/2, 2/3, 0) = o CT=6 (0, 2/2, 2/3, 0) + (A 2 + cA)y| for some 
c G C. Hence we may assume that a (T= 6(0, 2/2, 2/3, 0) is square free. This contradicts 
our assumption. (In fact, the above arguments show that the chosen H is not 
general) . 

Therefore, / is a Q-conic bundle. By Lemma [2^41 (H, P) is a rational singularity 
and by Lemma 14.21 this singularity is analytically isomorphic to 

{7(2/1,2/2,2/3) = 0}//i 3 (l, 1,2), 

where 7(2/1,2/2,2/3) " "(2/1,2/2,2/3,0, an d C C if is the image of 2/1-axis. Note 
that the pair (if, C) is not pit at P. Indeed, otherwise the singularity {7 = 0} 
is log terminal (see |Kol92[ Cor. 20.4]). Hence it is Du Val. On the other hand, 
ord7 > 2, a contradiction. Let a 1 := (1, 1, 2). Note that j a , =e (0, 0, 1) + 1 because 
2/f £ a. Consider the weighted er'-blowup <^ : H C C 3 //x 3 — > H C C 3 /fi 3 . Let 
H := ^ _1 (0) rc d- The exceptional divisor O C if is given in 3 ~ P(l, 1,2) by the 
equation 7 CT '=3(2/i, 2/2, 0) = 2/ 2 2/2 = 0. Hence, 8 = 261+62, where 6^ are irreducible 
toric divisors in P(l, 1, 2). The proper transform C of C meets S ~ P(l, 1, 2) at the 
point {2/2 = 2/3 = 0}- So, C fl 61 = 0. Since 62 is a smooth reduced component of 
the Cartier divisor 6 = S n if on if, we see that if is smooth at points on 62 \ 61. 
In the chart U3 ~ C 3 //i. 2 (l, 1, 1) over {1/3 7^ 0} we have a new coordinate system 

1/3 1/3 2/3 

2/1 ^ 27i2/3 , 2/2 ^ 2/22/3 , 2/3 ^ 2/3 • Here the surface H is given by the equation 
2/i2/2 + 7<r'=6 (2/1, 2/2, 1)2/3 + ("-)V3 = 0, where 7^=6(0,0,1) ^ 0. The origin G» 3 £ 
H nU^ is a Du Val point of type Aj. Components 61 and 62 of the exceptional 
divisor meet each other at O3 and the pair (H, 61 + 62) is LC at O3. Outside of O3, 
if is a hypersurface and has only rational singularities. Therefore, the singularities 
of H are Du Val. Thus the configuration of curves C, 61, and 62 on H looks as 
follows: 



6 2 



Ai 

C 



Qi ... Qi 6i 
-• • 



where Qi,...,Qi are some Du Val points. By Lemma [2.3.3l the dual graph A(if, C) 
is of the form 

(4.5.6.1) S=-^__2_._ b 2 _ _ h i_:_( ) 

c e 2 Oi v 7 

where the box on the right hand side indicates some Du Val graphs and the number 
of these Du Val tails is not important. This configuration forms a fiber of a rational 
curve fibration. Contracting black vertices successively we obtain 



(4.5.6.2) ^cT 1 - o - o 1 - i_ ( ) 

e 2 ei v ' 

This is again a dual graph of a fiber of a rational curve fibration. Hence b2—a—l = 1 
and we further obtain 
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Hence b\ — 2 (because the last graph must contain a (— l)-vertex) and so the graph 
(4.5.6.2) consists of (—2) and (— l)-curves. Furthermore the graph (4.5.6.2) is not 
a linear chain because the pair (H, C) is not PLT at P. In this situation there is 
only one possibility (see, e.g., [ProOll Lemma 7.1.3, 7.1.12]): 



Therefore, the original graph (4.5.6.1) is of the form 



b 2 / 

o • o — • — o — o — o • o 

c e 2 ei \ 

o 

But then H has only log terminal singularities (see, e.g., Kol92 :i Ch. 3]). Hence 
H has only T-singularities fsee l2.2.Ij) while the right hand side singularity is not of 
type T (see Proposition 12 .2 . 2]) . a contradiction. Thus the case l4.5.61 does not occur. 

Now the assertion of Theorem [475] follows from 14.5.41 14.5.51 and 14.5.61 This 
completes our treatment of the case £(P) = 2. □ 

4.6. Corollary. In the notation of 14. II X has at most one type (III) point. 

Proof. If X has two type (III) points R x and R 2 , then by [Mor881 (2.3.3)] and 
[MP081 (3.1.5)] we have i P (l) = i Rl {l) = i Rz (l) = 1. Then by |Mor88l 2.16] 
£(P) = 2. This contradicts Theorem E75J □ 

4.7. Lemma (cf. [KM92, Lemma 6.12]). //, in the notation of l4.ll X has a type 
(III) point, then £(P) < 4 and i P (l) < 2. 

Proof. Assume that £(P) > 5. As in 14.41 take a coordinate system so that 
a = Vx Vi mod (y 2 , yz, yt) 2 , where i S {2, 3, 4} and £(P) + wty, = mod 3. 
Similarly to the proof of IKM92[ Lemma 6.12] we use the deformation a\ = 
a + Xyi 3 yi (see Theorem 13. 2[) and get a germ (X\,C\) with two type (III) 
points and a point of type cD/3. This contradicts Corollary 14. 61 □ 

For the case £{P) > 3, we are going to prove the following, which settles Theorem 
Ol 

4.8. Theorem. Let the notation and assumptions be as in 14.11 Assume £{P) > 3 
or, equivalently, ip(l) > 2. Then the following assertions hold. 

4.8.1. £{P) — 3 or 4 (i.e. «p(l) = 2), and f is birational. 

4.8.2. P is a double (resp. triple) cD/3 point if {X, C) is isolated (resp. divisorial) . 

4.8.3. X is smooth outside of P and there is an £-isomorphism 
(4.8.3.1) gr^ = ((4 - £{P))P^) ® (-1 + 2P S ). 

4.8.4. For general members D 6 \Kx\ and D' G \K X \ (resp. D' E \6x\c), DCiD' 
is equal to 4C (resp. 3C) as a 1-cycle. 
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4.8.5. The general member H £ \6x\c and its image T = f(H) 6 \Gz\ are normal 
and have only rational singularities. The dual configuration of (H, C) is as follows. 
(4.8.5.1) Case of isolated (X, C): 

o 

• — o — o — o — o 

3 3 

o 



(4.8.5.2) Case of divisorial (X,C): 

o — o 

3 

• — o — o — o — o — o 

I 

o 

4.8.6. Conversely if (X, C) is an arbitrary germ of a threefold along C ~ P 1 with 
a double {resp. triple) cD/3 point P G C. If (X,C) satisfies 14.8.31 then (X,C) is 
an isolated (resp. a divisorial) extremal curve germ. 

Proof. In the hypothesis of 14.11 we additionally assume that £(P) > 3. 

4.9. Lemma. Under notation of !4.8l X has no type (III) points. 

Proof. Assume that X has a type (III) point R. We derive a contradiction. By 
Lemma S3 £(P) = 3 or 4. 

4.9.1. Case i(P) = 3. We claim that if 1 (gr|, w) ^ 0. By jMor881 2.16] i P (l) = 2 
and (in some coordinate system) a satisfies a = yfi/4 mod (2/2 > J/3; 2/4) 2 (and C* 
is the yi-axis). If a contains the term 2/1 2/22/3, then k > 3 and this term can be 
removed by the coordinate change j/4 i— ¥ 2/4 — 2/i _3 2/22/3- Hence, we may assume 
that 

a = 2/i2/4 + A2/12/2 + l^vlvi mod (j/ 2 ,2/ 3 ) 3 + 2/4(2/2,2/3,2/4) (c 1^) 

for some A, \i € Gx mod Ic- The functions 2/2, 2/3 form an ^-basis of gr^ G at P. 
Since 

deggr^ = l-i P (l)-i fi (l) = -2 

and F 1 (gr^ G) = 0, we have gr,k G = G(-l) © G(-l). Furthermore, by |KM92| 
(2.8)], one has 

& X C G = (-1 + P»)© (-1 + 2P*). 
where 2/3 (resp. 2/2) is an Mree £-basis of (-1 + P") (resp. of (-1 + 2P»)) at P. 
Let a be an £-basis of uj. By the above, one has 

u ® gr^ = (-2 + P«) © (-2 + 2P S ) © (-1), 

where yfer (resp. 2/32/20", j/l ") is an ^-free £-basis of (—2 + P") (resp. (—2 + 2P"), 
( — 1)) at P. There is an injection of coherent sheaves 

l : uj <g> S 2 gr^ G — > gr^ uj. 

As an abstract sheaf, uj <S) S 2 gr^ G at P is generated by sections y\y\a, y-iyiy\o, 
y\a. Further, it is easy to see that I^/I^ at P is generated by elements 2/4, 2/3, 
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2/22/3, 2/i- Hence, gr^w at P is generated by y^yfa, y\y\a, yiyj,y\a, y\a. On the 
other hand, 2/4 € Iq and j/J J/2J/4 , 2/12/32/4 € J^y . By our expression of a 

(2/i2/4 + Ay 2 + M2/12/3) ' = ° in S r c w at p - 

Hence, gr^w at P is generated by the elements y\y\o~, yiyzy\o~, y\o~- This means 
that l is an isomorphism at P. 

Since ir(1) — 1, by Mor88, 2.16] £(R) = 1 and in some coordinate system 
the local equation (3(zi, . . . , 24) = of (X, R) satisfies j3 = z\Zi mod (#2, 23, Z4) 2 , 
where C is the zi-axis. Then locally near R we have 1q — (z 2 , Z3Z4, zf, Z2), so 
grj, ^ = ^z 3 © ffz A and S 2 gr^ fi = fiz\ © © 0z 3 z 4 . 

Furthermore, gr 2 -. fi is generated by Z2, z%, z|, 2:32:4. Hence, Z2 generates Cokert 
and so lenfl Cokeri < 1. In this case, dimP°(Coker t) < 1 and dim. H 1 (Im l) = 2. 
Therefore, P (gr^o;) ^ as claimed. 

Now from P (gr^ w) = 0, where j = 0, 1 and the exact sequences 

— > grg w — > ux/^ux — >■ ux/F n u x — > 0, n = 1, 2 
we have H 1 (ljx/F 3 u x ) ^ 0. If / is birational, then by |Mor881 1.2-1.2.1] we get a 
contradiction. Assume that / is a Q-conic bundle. Put 7 := Spec x fix/I^- B V 
[MP081 Th. 4.4] V D / _1 (o). Since 

-Ax • V = -6Jf x • C = 2 = • / _1 (o), 

we have F = / _1 (o). Let P e C be a general point. Then in a suitable coordinate 
system (2, y, z) near P we may assume that C is the z-axis. So, Ic = {x, y) and 
Fq — (x 3 ,x 2 y,xy 2 ,y 3 ). But then V = / _1 (o) is not a local complete intersection 
near P, a contradiction. This disproves the case I4.9.TI 

4.9.2. Case £(P) = 4. By deformation a\ = a + \y\yA at (X,P) we get a germ 
(X\, C\) with a point P\ of type cD/3 with £{P\) = 3 (see Theorem l3.2[) . Moreover, 
X\ has a point Pa of type (III). This is impossible by 14.9. II 

This proves EH □ 

^From now on we treat the case where P is the only singular point of X and 
i(P) > 3. 

4.10. Lemma (cf. [KM921 Lemma 6.12]). In the notation ofl4~T\we have £(P) < 4 
and ip(l) < 2. 

Proof. Assume that l(P) > 5. Similarly to [KM921 Lemma 6.12] and Lemma l4~7l 
we write a = y^ P ^yj mod (2/2, 2/3? 2M) 2 ? where j s {2, 3, 4} and £{P) + wtyj = 
mod 3, and use deformation a\ = a + Ay^ 3 yj (see Theorem 13.2)) . We get 
a germ (X\,C\) with a type (III) point R\ and a point P\ of type cD/3 with 
£(P\) = £{P) — 3. If £{P) > 6, we get a contradiction by the case 14.91 considered 
above. 

Hence £(P) = 5, and X \ {P} is smooth by Lemma 14.71 Then a = y\yi 
mod (2/2, 2/3) J/4) 2 , deggr^ = — 1, and 2/4,2/3 form an ^-basis for gr^ fix- Thus 
P is normal at P by Corollary [Ol and we see that %\ v c fix = (0) © (-1 + P B ), P 
is smooth outside P, 2/3 is an £-basis of gr^. fifj, and gr^ fijj = (—1 + P"). We also 
see 

gr^w ff = gr^w x = (-1 + 2P 8 ) and gr^wj? = (-1). 
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We note that = 2/1-axis C P s C C 3 yi y2 y3 , and P» = {/3 = 0}, where 
P = y\v2 + cy\y\ mod (yf, 1/22/3, 

and c 6 C. We claim c ^ 0. Indeed otherwise we have 1/2 G 3C)", whence 

gr 2 . ^ = ^ c „y| and ^ = eH) m = ( _ 2 + 2p itj > Thus ^ ^ 0j 

a contradiction. Hence c ^ 0. 

Since P is a cD/3 point, we have 2/22/3 ^ a and y| € a, and hence 2/22/3 ^ and 
2/f S /3. Since c ^ 0, the terms 7(2/1)2/12/22/3 can be killed by a /^-coordinate change 
2/3 ^ J/3 — 7(2/i)2/i1/2/(2c) and we may further assume 

(4.10.1) = 2/^2/2 + cylyl + 2/f mod (y|, y 2 yl y\). 

We claim that gr^ H = (-1 + 2P B ) and gr£, 6 H = (-1). First by 2/2 £ 
^#(-2C) B , one has y\(y\y 2 + cy\) £ ff H (~3C)K Hence if we set z := y\y 2 + cy% 
then z e ^ ff (-3C)« and j/| = -2/?y 2 /c mod (z). Thus by e H (-2C)* = (2/2, 2/ 3 2 ), 
we see 

^(-2C)V(2/ 2 2 ,y22/3^) = ^c«y2^^c« and ^(-3C)« = (j/ 2 , 2/22/3,*). 
We also have y\z + y\ G (2/2,2/22/1,2/1) by (|4.10.ip . whence z = 2/12/22/3/c 
mod (2/2, 2/22/3, z 2/3)- Thus 

€? ff (-3C»)/(y 2 2 ,2/22/ 3 2 ,^/3) = ^ C »2/22/3 - and ^ ff (-4C)« = 2/ 2 2/|, zy 3 ). 
^From these follows the claim: 

gr 2 c ^ = (grj, ^)® 2 (3P«) = (-1 + 2P») 

and 

grg? = grc ® S r c G n =(-!)• 
We then claim H 1 (u;h/<jJh(—^C)) ^ 0. Indeed this follows from 

gr 2 . w H = gr° c cj h g> gr^ ^ = (-1 + P J ) 

and 

gr^ w H = gr° c uj h ® gi 3 c e H = (-2 + 2P B ). 

Since ljjj = <§> ^h, the non- vanishing H 1 (lo h / u h{~AC)) 7^ means that / 
is a Q-conic bundle [Mor88, Remark 1.2.1] and the subscheme 4C of H contains 
the scheme-theoretic fiber / _1 (°) [MP081 Th. 4.4]. However 

-K x ■ AC = 4/3 < 2 = -K x ■ f-\o), 

a contradiction. The case £(P) — 5 is thus disproved. □ 

4.11. Case £(P) = 3 and no type (III) points. By |Mor88| 2.16] i P (l) = 2 and 
(in some coordinate system) a satisfies a = 2/i2/4 mod (2/2, 2/3, 2/4) 2 (and C" is the 
2/i-axis). Hence, 2/2, 2/3 form an £-basis of gr^ 6. Since deggr^ = \ — ip(l) = — 1 
and iP^gr^ ^) = °> § r c ^ = Further, by |KM921 (2.8)] there are only 

two possibilities: 

sr 1 <?= J (2PS) ® (" 1 + P ")' 
Sc \ (P») ®(-l + 2P«). 

Consider the first case, i.e., gr^ & = (2P") © (—1 + P"). Then the arguments in the 
first part of proof of |KM92| (6.13)] can be applied. Let J be the C-laminal ideal 
of width 2 such that J/F%0 = (2P»). Then we conclude that P 1 (w/P 4 (w, J)) ^ 
KM92] p. 599-600]. If the contraction / is birational, we get a contradiction by 
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|Mor881 1.2-1.2.1]. Let / b e a Q-co nic bundle. Put V := Spec x ff x /F 4 (0, J). Then 
V = mC for some m. By |MP08| Th. 4.4] V D / _1 ( )- Hence, m/3 = -K x ■ V < 
2 = — K x ■ / _1 (o). On the other hand, near a general point S £ C, J is generated 
by (22, £3), where (zi, 22, Z3) are some local coordinates such that C is the si-axis. 
Hence, P 4 (w,J) = J 2 = (z 2 ,z|) 2 near S. So, m = len(C[z 2 , z 3 ]/P 4 (^, J)) = 
6. Therefore, / _1 (o) = V and its ideal sheaf coincides with F (io,J). However, 
P 4 (w, J) is not generated by two elements near S, so f~ l (o) is not a locally complete 
intersection, a contradiction. 

Consider the second case, i.e., gr x c 6 = (P") ® (-1 + 2P"). If (X, P) is a double 
cD/3 point, then / is a flipping contraction by [KM921 Theorem (6.3)], whence 



we get the configuration (4.8.5.1) Thus we assume that the term y\y\ does not 
appear in a. Further we use arguments of the proof of |KM92| Lemma (6.13), p. 
600]. Let J be the C-laminal ideal of width 2 such that JjF^G = (P"). Modulo a 
/^3-equivariant change of coordinates we may further assume that 2/3 (resp. 3/2) is 
an Mree £-basis of (P") (resp. (-1 + 2P")) in gr^ 6 and that a = y\y 4 mod i" J". 
Whence j" = (2/2,3/3,2/4) at P" and 3/4 £ F 3 {ff, J)". Let if be the ideal such that 
J D if D P 3 (^, J) and if/P 3 (^, J) = (P") in 

gr 2 (^, J) = gr 2 <°(^, J) § gr 2,1 (^, J) = (P J ) 8 (-1 + P S ). 

Here we may assume that 3/3 (resp. 3/f) is an £-free £-basis of (P") (resp. (— 1 + P")) 
in the above ^-splitting modulo a coordinate change 3/3 H> 3/3 + (• • • )y|. We then 
have if" = (3/2,3/3,3/4) at P" and 

gr^.if) = (-1 + 2P"), gr 2 (^,if) = (-1 + P"). 

We have gr 3 -°(^, if) ~ gr 2 ^°(^, J) ~ (P") and 

a = 3/^3/4 + cy\ mod /"if", 

for some unit ce ff x , because /"j" = /"if" + (j/|) and 3y| £ a- Whence we have 
an ^-isomorphism 



3,1 



(0, if) ~ gr 1 ^, if )® 3 (3P») ~ (0) 



as in |KM92| p. 600], and an ^-splitting 

gr 3 (^, if) = gr 3 'V, if) © gr 3 ' 1 ^, if), 

in which 3/3 (resp. 3/4) is an £-hee ^-basis of (P") (resp. (0)) modulo a coordinate 
change 3/3 h> 3/3 + (• • • )y\y 4 - For any Z > there is a natural exact sequence 

(4.11.1) — > F l+1 (ff, if) — > F l {0, if) — > gr l (0, if) — > 0. 

We claim that the sections 3/13/3, 3/4 € gr 3 (£?,if) can be extended to sections of 
P 3 (^,if) = P^if). By (|4.11.1|) it is sufficient to show that PT 1 (P 4 (^, if )) = 0. 
There are injections of coherent sheaves 

gr 3n (^,if) ^ ^ n gr 3 (if), 
gr 3 " +1 (^,if) ^ S n gr 3 (if) <§) gr^if), 
gr 3n+2 (^,if) ^ S n gr 3 (if) ® gr 2 (^,if) 

with cokernels of finite length. Therefore, for any I > 0, the degree of each com- 
ponent in a decomposition of gr (£?, if) in a direct sum is at least —1. Then 
H 1 (gr l (0, if)) = and from (|4. 1 1 . 1[) we get surjections 

H l {F l+n (0,K)) -> H l (F l (0,K)) for Z, n > 0. 
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Hence, H 1 (F l (tff,K)/F l+n (0,K)) = 0. Note that for any m > there is n > 
such that IgF l (t?,K) D F l+n (@,K). By the Formal Function Theorem we have 

H\F l (0,K)) A = H 1 {F\d,K)) = km H 1 (F t (0,K)/IgF t (0,K)) = 

= l\mH 1 (F l (0,K)/F l+n (0,K)) = 0. 

Hence H 1 (F l (ff,K)) = for I > and tkere are surjections 

H°(F l (0,K)) — > H°(gr l (0,K)) — ► 0. 

Tkis proves our claim. Tkerefore, near P a general member H S \ffx\c is given 
by equations a(yi, . . . , 2/4) — and /3(yi, . . . , 2/4) = 0, wkere a = y\ + yf + y\ + 
(terms of degree > 4) (recall tbat a $ 2/12/2, 2/iyf): P = A 2/32/i +2/4 m °d F A {0, K), 
and A € ^c 4 suck tkat A(P) 6 C can be ckosen arbitrarily. Hence we can eliminate 
y4 and get 

(if, P) = {7(1/1, to, Ifc) - 0}//x 3 (l, 1, 2) _> C = yi-wns/nto 
wkere 7 is a /x 3 -invariant convergent power series suck tkat, for a — (1,1,2), 7,7=3 = 
y\ and tke term 7,7=6 (2/1, 0, 2/3) is squarefree. Hence we are done by Computation 
02] below. 

4.12. Computation. Let (D,P) be a normal surface singularity 

(A P) = { 7 = O}//-^ c C 3 /M 3 (M, 2), 

wkere 7 = 7(2/1,2/2,2/3) is £t 3 -invariant and let C :— (2/1 -axis) / fj, 3 . Let cr be tke 
weigkt (1, 1,2). Assume tkat 7,7=3 = 2/2 an d 7o-=6(yi, 0, 2/3) is squarefree. Tken D 
kas only rational singularities and A(D, C) is as follows. 

o — o 

I 

3 

O — o — o — o — o — o 

I 

o 

Sketch of the proof. We note tkat 7,7=6(2/1, 0, 2/3) contains 2/3 since it is squarefree. 
Consider tke weigkted blowup H — > H witk weigkts | (1,1,2). Tke exceptional 
divisor A is given by 7,7=3 = 2/2 = i n tke weigkted projective plane P(l,l,2). 
Hence A is a smootk rational curve. Clearly, Sing(ff) is contained in A. In tke 
ckart Z7i := {2/1 ^ 0} tke surface H is given by 

Vl +2/i7<7=6 (1,2/2,2/3) +2/i7 ( t=9( 1 ,J/2,2/3) H = 0. 

Hence, Sing(fJ) n U x is given by 2/1=2/2= 7^=6(1, 0, 2/3) = 0. Since 7,7=6(1, 0, 2/3) is 
a cubic polynomial witkout multiple factors, Sing(if) n U\ consists of tkree points: 
Pq := (0,0,0), Pi, Pi. In particular, tkis skows tkat H is normal. Furtker, 
7o-=6(l, 2/2,2/3) contains tke term 2/3. Hence at tke origin H kas a Du Val singularity 
of type A 2 and tke pair 

{ft, A + C) ~ ({2/f + 2/12/3 = 0}, {2/2 = 0}) 

is LC, wkere C is tke proper transform of C . Tkis gives us tke left-kand side of tke 
grapk. Similarly, from P\ and P2 we get tke upper and tke rigkt-kand side of tke 
grapk. Tke vertex o in tke bottom comes from tke ckart 2/3 ^ 0. Tke computation 
of tke self-intersection number of tke central vertex is an easy exercise. □ 
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4.13. Case £(P) = 4 and no type (III) points. By |Mor881 2.16] i P (l) = 2 and 
(in some coordinate system) a satisfies a = j/fj/3 mod (2/2 , J/3 , J/4) 2 (and C" is the 
j/i-axis). Hence, j/2, J/4 form an £-basis of gr^ . 

We prove Claim 14.8.31 Since it has been proved that a type (III) point does not 
occur, it remains to settle the £- isomorphism [(4 . 8 . 3 . 1 ) [ If it does not hold, then we 
have grj, G = (2P")<§(-1) and gr^w = (P") © (-2 + 2P"), whence /^(gr^w) ^ 0. 
Thus we get a contradiction as in 14.111 and Claim [478.31 is proved. 

If (X, C) is flipping, then Claims 14.8.21 14.8.41 and 14.8.51 are already proved in 
[KM921 (6.3)]. Since £{P) > 2, P is a double or triple cD/3 point, and C\&im\MM 
is proved in [KM921 (6.3.4)] if P is a double cD/3 point. 

Assume that (X, C) is not isolated. Then P, as a cD/3 point, is triple by £(P) > 2 
and |KM92| (6.3.4)]. This proves 3321 

Let J be the C-laminal ideal of width 2 such that J/FqG = (0) in the ^-splitting 



(4.8.3.1) Up to coordinate change we may assume that j/4 (resp. j/2) is an ^-free 
£-basis of (0) (resp. (-1 + 2P")) in gr£, G and that a = yfy 3 mod pX J". Whence 
j/3 G F 3 (G, J)". We note that j/ij/| £" a in the new coordinates since P is a triple 
cD/3 point. 

Since we have ^-isomorphisms 

gr 2 'V,J) ~ gP(0,J)~(O) 
gr 2 ' 1 ^,/) ~ gr 1 (i^, J)® 2 ~ (-1 + P"), 

the ^-exact sequence 

-> gr 2,1 (^, J) -> gr 2 (^, J) -> gr 2 <°(^, J) -> 0, 

is £-split. Let if be the ideal such that J D K D F 3 (G, J) and K/F 3 (G, J) = (0) 
in 

gr 2 (^, J) ~(0)©(-l+P"). 

Here we may assume that j/4 (resp. j/|) is an £-iiee i'-basis of (0) (resp (—1 + P")) 
modulo a coordinate change j/4 M> j/4 + (• • • )j/ij/ 2 . 
We have thus AT" = (j/f, j/3, j/4) and 

gr^A) = (-1 + 2P"), gr 2 (^,A) = (-1 + P»). 

We have gr 3 >°(^, if) ~ gr 2 >°(^, J) ~ (0) and 

a = j/ j 1 j/3 + cy\ mod /"if", 

for some unit c£^j, because /" j" = /"if" + (j/f) and j/| G a. Whence we have 
an ^-isomorphism 

gr^^^if) ~gr 1 (^ , ,if)® 3 (4P") ~ (P"). 

Thus we have an ^-splitting 

gr 3 (^,A') ~gr 3 ' (^,if)©gr 3 ' 1 (^ , ,if) ~ (0) § (P"). 

By a change of coordinate j/4 1— ¥ j/4 + (• • ■ )yiys, we may further assume that j/4 
(resp. j/3) is an £-free £-basis of (0) (resp. (P")). By the same computation as in 



14.111 we get the configuration (4.8.5.2) This contracts to a Du Val point of type 



Eg, and hence / is a divisorial contraction, which proves 14". 8. 11 
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Finally we note that }KM92| (6.15) and (6.20)] settled BSJ for isolated (X,C), 
and 14.8.61 for a double cD/3 point. We omit the proofs of 14.8.41 and 14.8.61 in other 
cases since since the arguments are similar. This completes our treatment of the 
case i{P) > 2. □ 

4.14. Examples. To show that all the possibilities ll.4.1[ 11.4.21 and 11.4.31 occur 
we use deformation arguments. Consider the surface contraction fu : H — > T with 
dual graph of the form IL4.il or 11.4.21 By KM92, Proposition (11.4)] the natural 
map from the deformation space of H to the product of deformation spaces of 
singularities P, R G H is smooth, in particular, surjective. Moreover, the total 
deformation space X of H has a morphism f to the total deformation space Xz of 
T so that f|# = fjj- This means in particular that any Q-Gorenstein deformation 
of singularities of H can be globalized. Now assume that (H, P) and (H, R) can be 
obtained as hyperplane sections of some terminal singularities (X, P) and (X, R) 
respectively. Regard (X, P) and (X, R) as deformation spaces of (H, P) and (H, R) 
respectively. By the above there is a globalization / : X D H — » Z D T. 

4.14.1. Example. Consider the surface contraction fn'-H^T with dual graph 
11.4. H and consider the following terminal singularities: 

(X,P) = {yt + yl + ym(yi + y 2 ) = 0}/» 3 (l, 1,2,0), 

(X, R) = { Zl z 2 +zj + zf = 0}, m > 1. 

Let H C (X, P) is given by 2/4 = and H C (X, R) is given by z 4 = 0. By 
KM92, (6.7.1)] the dual graph of the minimal resolution of (H,P) is the same 
as that in 11.4.11 By 14.141 one obtains the corresponding birational contraction 
/ : X D H -> Z D T. Here (X, P) is a simple cD/3-singularity (see |Rei87] ). 
Therefore, this / is a divisorial contraction of type 11.4.11 The point R G X is 
smooth if m = 1 and is a cAi-singularity if m > 1. 

4.14.2. Example. Similarly to Example 14.14.11 take 

(X, P) = {y\ + y\y 2 + y% + y 3 3 = 0}//x 3 (l, 1, 2, 0). 
By |KM92( (6.7.2)] we get an example of a divisorial contraction as in ll.4.21 

4.14.3. Example. As above, take 

(X, P) = {yl + yl + y 3 yt + yl}/^{l, 1, 2, 0), 

where H is cut out by j/4 = 2/12/3. We get an example of a divisorial contraction as 
in lL4~3l 

5. Case: P is of type cA/m and H is normal 

In this section we prove Theorems 11.51 and 11.81 in the case where a general 
H G \&x\c is normal. Thus throughout this section we assume that (X,C) is 
an extremal curve germ of type (IA) or (IA V ) such that the only non-Gorenstein 
point P € X is of type cA/m (see ll.7j) . Let F G | — JOt | be a general member. Take 
H G \&x\c so that the pair (X,F + H) is LC (see Proposition 12. 6|) . Assume that 
H is normal. Let / : (X, C) —> (Z, o) be the corresponding contraction. 

5.1. Proposition. In the above notation, H has only log terminal singularities of 
type T. Furthermore, the pair (iJ, C) is PLT outside of P and H \ {P} has at most 
one singular point, which if exists is Du Val of type A n . If moreover f is birational, 
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then A(H,C) is as in (1.8.1.1) If moreover f is a Q-conic bundle, then A(H,C) 
is of the form 

4 

(5.1.1) o — o — o — • — o 

In particular, m = 2 and (X, P) is either a cyclic quotient singularity i(l, 1, 1) or 
a singularity of the form {xy + z 2 + t k = 0}//x 2 (l, 1, 1, 0). 

Proof. First we claim that H has only log terminal singularities. Write Kh + F\h = 
(K x + H + F)\ H ~ 0. Recall that F DC = {P}. So (H, F\ H ) is not kit at P and 
kit at a general point of C. We see that (H, F\h) is kit outside of P by the 
Connectedness Lemma |Sho93[ 5.7], |Kol921 17.4] (if / is birational) and by Lemma 
12.3.21 (if / is a Q-conic bundle). On the other hand, by our assumptions and the 
adjunction formula the pair (H,F\h) is LC near F f) H, so the surface H has at 
worst log terminal singularities. Further, since H is a Cartier divisor in X, the 
singularities of H are of type T (see I2.2.1j) . 

Now we claim that the pair (H, C) is PLT outside of P. Assume that Kh + C is 
not PLT at some point Q ^ P. Take c so that (Ft, F\h + cC) is maximally LC. By 
the Connectedness Lemma and Lemma [23?2] we have c = 1, so (Ft, F\h + C) is LC. 
Therefore, H has a log terminal singularity at Q and the point (H, Q) is Du Val. 
From the classification of log canonical pairs (see, e.g., [Kol92, Ch. 3]) we obtain 
that the part of the dual graph A(H, C) which represents Ft near the singularity 
Q is of the form 

o 

/ 

• — o • o — o 



But then the corresponding matrix of this subgraph is not negative definite, a 
contradiction. Thus (H, C) is PLT outside of P. Since any point Q E Ft \ {P} is 
Gorenstein, it is Du Val of type A n or smooth. Near each such a point the dual 
graph A(H, C) is of the form 



If (H, C) contains two such points, we get a contradiction with negative definiteness 



of the corresponding matrix. Thus we obtain (1.8.1.1) 

Now consider the case where / is a Q-conic bundle. If (H, C) is PLT also at P, 
then H has two singularities of types ^(l,q) and — (l,n — q) (see Lemma [2.3.ip . 
Since they are of type T, we see the following by Proposition 12 .2 . 21 

(q + l) 2 = mod n, (n — q + l) 2 = mod n. 

This gives us 4 = mod n. Since X is not Gorenstein, the singularities of Ft are 
worse than Du Val. Hence, n = 4. We get the graph (|5.1.1[) . 

Finally assume that (H, C) is not PLT at P. Then A(H, C) is of the form 



(1.8.1.1) with r ^ 1, r / n, and c\c n > 6 by Proposition 12.2.31 Contracting black 



vertices successively, on some step we get a subgraph 
(5.1.2) 



ci c, — i c r+ i 
O • O • O 



Hence strings [tV—i, . . . , c{\ and [c r +i, ■ ■ ■ , c n ] are conjugate. This contradicts the 
following claim because c\c n > 6. □ 
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5.1.3. Claim. Let [ai, . . . , a r ] and [bi, ... , b s ] are conjugate strings. If for some 
c > 2, the string of the form 

(5.1.3.1) [o r ,...,oi,c,6i,...,6 8 ] 
is of type T, then it is Du Val. 



Proof. Assume that the string ((5.1.3.1) I is not Du Val. Take it so that r + s is 



minimal. Since [oi, . . . , a r ] and . . . , b s ] are conjugate, either a r — 2 or b s = 2. 
Assume that a r = 2. If r = 1, then s = 1 and bi — 2, which is a contradiction by 
Proposition ^ . 2 .31 (iii). Hence, r > 1, b s > 2, and [a r —i, ■ ■ ■ , ai, c, b\, . . . , b s -\, b s — 1] 
is again a non-Du Val T-string (see Proposition 12 .2 . 21) and the strings [ai, . . . , a r _i] 
and . . . , 6 S — 1] are conjugate. This contradicts our minimality assumption. 

□ 



Thus (i) of Theorem 11.61 exhausts all Q-conic bundles with normal H. Explicit 
examples will be given in Sect. [7] 

5.2. In the birational case, similarly to 14.141 any Q-Gorenstein deformations of 
singular points of H can be globalized by [KM92, Proposition (11.4)]. 

5.2.1. Example. Let [i>i, . . . , b r ] be any T-string and let bi > 2. Then the config- 
uration 

hi 6, 6,. 
o • o • o 



where k < b\ — 3, determines a surface germ (H,C) which is contracted to (T,o) 
with the dual graph 

&! bi-fc-l b r 
O • o ■ O 

For example, for [bi, . . . ,b r ) — [4] and k — 0, this gives Francia's flip (see [KM92, 
Theorem 4.7]). For [b%, . . . , b r ] = [3, 2, . . . , 2, 3], I = r, and k — 1 this gives examples 
of divisorial extremal neig hborhood of index two |KM92[ 4.7.3.1.1]. 



6. Case: P is of type cA/m and H is not normal 

6.1. In this section we prove Theorems 11.51 and 11.81 in the case where a general 
H G \Gx\c is not normal. Thus throughout this section we assume that (X, C) 
is an extremal curve germ of type (IA) or (IA V ), the only non-Gorenstein point 
P £ X is of type cA/m. Let F S | — -K"jc| be a general member. Let H £ \&x \c be 
a non- normal member such that the pair (X, H + F) is LC (see Proposition 12. 6|) . 
Let / : (X, C) — > (Z, o) be the corresponding contraction. 

6.2. Setup. Let v : H' — > H be the normalization and let ^ : H — > H' be the 
minimal resolution. Let C — f _1 (C) (with reduced structure) and let C C H be 
the proper transform of C If C is reducible, components of C (resp. C) are 
denoted by C[ (resp. C{). Let H be a minimal model over T (so that H is smooth 
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and has no (— l)-curves on fibers over T). Thus we have the following diagram: 



H *H' 




T 



Let T := v- l {F n H). ByOand Corollary [2X1] we have 

6.2.1. Corollary. The pair (H 1 ,C"+T) is LC and the restriction map v\c< : C — > 
C is of degree 2 . 

6.2.2. Corollary. Pull-back of C to the index-one cover (X*,Pt) -> (X,P) is 
smooth. In particular, (X, C) is of type (IA) . 

Note that A(H',C) is the dual graph of the 1-cycle u _1 (o) C H. Hence 
A.(H' , C') is negative semi-definite and its fundamental cycle is defined as usual. 

6.3. Proposition. Under the assumptions of l6.ll the following are equivalent: 

(i) every member of \@x\c is non-normal, 

(ii) each component of C appears with coefficient > 1 in the fundamental cycle 
G of All I ■.(■':. 

In particular, if every member of | &x \ c is non-normal, then all the components of 
C are contracted by v : H — >■ H . 

Proof. Assume that (ii) does not hold, that is, a component C\ C C appears with 
coefficient 1 in G. Then there is a function ip £ m ,T such that v*ip has a simple 
zero along C\. Note that the map H°(Z,&z) — > H°(T, @t) is surjective. Hence 
ip = 4>\t for some (j> G &z- Pick a general point S £ C. If /*</> = is singular 
along C, then f*<j> £ Iq at S. By commutativity of the above diagram, we have 
v*i/j = \i*v* (f*4>) | h £ I~ at a point above S. This contradicts the construction of 
ip. So f*(f> = is smooth along C and a general member of \&x\c is normal, so (i) 
does not hold. 

Conversely, assume that (i) does not hold. Then there is a normal member 
L £ \&x\c- Regard X as analytic neighborhood of a general point Q £ C. Then 
H = Hi +i?2j where Hi, H^ are smooth surfaces intersecting transversely along C. 
Hence L intersects transversely at least one of Hi, Hi along C. This means that 
u*L\h is reduced along at least one component of C . Thus (ii) does not hold. 

As for the last statement, we note that (T, o) is either a cyclic quotient singularity 
(see Proposition 12. 61) or a smooth curve. In both cases v(G) is reduced. □ 

6.4. Proposition. Under the assumptions of l6.ll there are only two possibilities 
for the dual graph A{H' , C + T): 

6.4.1. C is has two irreducible components: C" = C[ + C' 2 - 
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6.4.2. C is irreducible. 

a r a-i bi 6 S 

□ o • O O O • O □ 

v v ' v v ' 

Ai A 2 

Here □ corresponds to an irreducible component of T, o corresponds to an irre- 
ducible component of C , the chain A\ (resp., A2) corresponds to the singularity 
of type — (l,a) {resp., — (1, — a)), and in case 16.47X1 the chain A3 corresponds to 
the point (H', Q 1 ), where Q — C[ D C 2 . The strings [ai, . . . , a r ] and [b±, ... , b s ] are 
conjugate. If f is birational, then at least one of the vertices o corresponds to a 
(— 1) -curve under the extra assumption that every member of \6x\c is non-normal. 
If f is a Q-conic bundle, then all the vertices o correspond to {—\)-curves. 

Proof. Note that C is a fiber of a contraction H' — > T 3 o, where (T, o) is either 
a cyclic quotient singularity (see Lemma f2.6[) or a curve germ. Hence p a (C) = 
and all components of C are smooth rational curves. By Corollary 16.2. II C has at 
most two components. So either C ~ P 1 or C is a union of two P-'-'s meeting each 
other at one point, say Q' . 

By the classification of log canonical pairs (see, e.g., |Kol921 Ch. 3]) T is smooth 
at any point T n C . On the other hand, T = i/ _1 (Fn H), where H is Cartier and 
the pair (F, H n F) is LC. Hence T has exactly two components Ti, T2 and these 
components are smooth. 

Further, since (H', T + C) is LC, through any point of H' pass at most two 
components of T + C . Thus for the configuration of T + C on H' we have only 
the following two possibilities: 



a) 



a 



b) 



T 2 




Since the pair (H', T + C") is LC, from the classification of log canonical pairs (see, 
eg-, [ Kol921 Ch. 3]) we get the desired graphs lOTTl and [6A2l 

It remains to prove the last statements about (— l)-curves. If / is birational, then 
by Proposition 16.31 at least one of the components of C is a (— l)-curve. Assume 
that / is a Q-conic bundle. Clearly, the fiber u _1 (o) of a rational curve fibration 
v contains a (— l)-curve and this curve must coincide with a component of C . So 
we are done if C is irreducible. Consider the case 16.4.11 By the above one of the 
o-vertices corresponds to a (— l)-curve. Hence the chain A\ — • — A3 — o — A2 
forms a fiber of a rational curve fibration and we may assume that • is the only 
(— l)-vertex. In this case, the chain A\ is conjugate to both Ai and A3 — o — A% 
(see Lemma r2.3.1[) . a contradiction. □ 

6.5. Lemma. Let Q G H \ {P} be any point and let Q' G v^ 1 (Q). Then 4 > 
embdim(ff,Q) > embdim(ff', Q') - 1. 

Proof. By Corollary 16.2.11 the conductor ideal coincides with the ideal sheaf Ic ■ 
The natural map 0u — > v*0n> induces an isomorphism Ic — v*Ic (any regular 
function on H' that vanishes on C" descends to H). From the following commutative 
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digram 

»- vJc » v*0h> »- v*G c ^ 









Ic *6 


h >6 



we have v^G^i / @h — v*@c I @C- Note that v^&c' is a locally free ^c-module and 
there is a local splitting &c* — @c © &ct for some t€v 4 6c ■ Thus v* 0w I &h — 
Get- Therefore, W-Q',h' /Wq< H , is generated by 1 +dimrriQ j #/mQ H elements as an 
^Q,i?-module. □ 

6.5.1. Corollary (cf. Tzi05]). The chain A% in 16.4. II satisfies the inequality 

(6.5.2) embdim(iJ',Q') -3 = ^(c 4 - 2) < 2. 

The proof of this statement is contained in |Tzi051 Proof of Th. 5.6] which is 
rather computational and uses the classification of degenerate cusp singularities. 
Here is a much shorter proof. 

Proof. By Lemma T6. 5 1 we have embdim(iJ', Q') < embdim(_ff, Q) + 1 < 5. On the 
other hand, since (H 1 , Q') is a cyclic quotient singularity, 

embdim(ff',Q') = -(j2 Ei ) 2 + 1 = 

= l + a - 2 E i ■ e j = 3 + Yj & ~ 2 ) ' 

where the Ei 's are exceptional divisors on the minimal resolution. This immediately 
gives the desired inequality. □ 

6.6. Proposition. Assume that we are in the case 16. 4.T1 Mnrier l6.il Furthermore, 
assume that every member of \&x\c is non-normal and J^(cj — 2) = 2 (whence 
embdim(_ff, Q) = 4). Let G (resp. G') be the fundamental cycle of A(H' ,C') (resp. 
Ag). Then G > 2G' if and only i/embdim(M, Q) = 4 for general M € \0x\c- 

Proof. We have an analytic isomorphism (H',Q') ~ C^ iv /fi n {l,q) for some n, q 
with gcd(n, q) = 1. By Proposition 16.31 the graph C\ — Z\ 3 — C 2 is contracted on H. 
Note that G is U-numerically trivial. Thus there is a function tp S &h such that 
li*v*^) = defines G near [i~ 1 v~ 1 (Q). Hence the lifting of v*tp to v is given by 
an invariant monomial A multiplied by a unit. 

Since XX C « — 2) = 2, we see emb dim(H' , Q') — 5 and embdim(i/, Q) — 4 by 
Corollary 16.5.11 and Lemma f6.5[ and Ic C vci'qi,h' is generated by exactly three 
invariant monomials in it, u divisible by uv. Thus every minimal generating set of 
Ic C mQ.ff induces a minimal generating set of Ic C m' q\h' (cf. the proof of 
Lemma ET5"1) . This means that embdim(M, Q) < 4 for general M £ \0 x \c iff v*ip 
can be a part of a coordinate of (H',Q'). However since the lifting of v*ij) is an 
invariant monomial (times a unit), this happens iff v*ip equals one of the three 
monomial generators of Ic ■ 

There are only two series of possibilities for A(H,C) near Q: 
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(**) o — o^— o — o_^_o — o — o_^_o — o fl;6jC > 2 

a-2 6-2 c-2 

Each monomial in Ic corresponds to an effective divisor of H with support A3 U C 
which is /^-trivial (i.e., numerically trivial along ^3). The following table gives three 
such monomials (or divisors) tua, tub, mc for each of (*) and (**). For instance 
the numbers of the row tua shows the coefficient of the curve corresponding to the 
vertex in the divisor tiia- 



(*) 








4 









m A 


1 


1 


1 


3 


26- 1 


m B 


2a- 1 


3 


1 


1 


1 


m c 


a 


2 


1 


2 


b 




■ 


3 

• 


• • ■ 


3 

■ 


■ 


m A 


1 


1 




b 


be + c - 1 


m B 


ab + a — 1 


b 




1 


1 


mc 


a 


1 




1 


c 



It is clear that none of these monomials belong to m.Q, H , because each vanishes 
to order 1 at one of the vertices with weight 3 or 4. Hence m/i^Bjmc are the 
monomial generators of Iq>. One can also check that the lifting of i/*ip equals one 
of tci a 5 n%B, rnc iff one of the vertices of weight 3 or 4 appears with coefficient 1 in 
G iff G t 2G'. □ 

6.7. Proposition. Assume that f is a Q-conic bundle germ such that every mem- 
ber of \@x\c ^ non-normal. Assume furthermore that H £ \&x\c * s taken to be 
general. Then C' is irreducible. 

6.7.1. Remark. If in the above assumptions X is of index 2, then A(H' , C' + T) 
is of the form 

□ — o — • — o — □ . 

Proof of \6.7[ Assume that C' is reducible. Then the dual graph A(H' , C') is of the 
form !6.4Tl with o 2 = —1. Clearly the chains Ai and A2 are not empty (otherwise 
X is Gorenstein). Since the matrix corresponding to • — A3 — • is negative definite, 
the subgraph A3 is not Du Val. We will use the inequality (|6.5.2j) . 

6.7.2. Assume that r = s = 1. Then a% = 61 = 2 and the graph l6.4.T1 or 16.4.21 is of 
the form 

o — • — o — • — o or o — • — o — o-.-o — o — • — o t>0. 

The fundamental cycle G of A(_ff', C") is given by 

o — • — o — • — o or o — • — o — o-.-o — o — • — o 
12121 12111121 

respectively. Then by Proposition [5^1] our H is not general enough, a contradiction. 

^,From now on we assume that rs > 1. Since [ai, . . . , a r ] and [61, ... , b s ] are 

conjugate, we may assume by symmetry that a\ = 2, b\ > 2, and r > 1. 



32 



SHIGEFUMI MORI AND YURI PROKHOROV 



6.7.3. Consider the case where the chain A3 contains exactly one curve with self- 
intersection < — 2. Then the graph 1674. II has the following form: 

a r ai— 2 c b± b s 
O • O • O • O O O • O • O • O 



where c = 3 or 4. Since a\ = 2, it holds l\ = because the graph o — • — o is not 
negative definite. Choose the above configuration so that c is minimal. 
If I2 > 0, then contracting both black vertices we get 



Q>2 c—1 61— 1 b s 
■ O • O O • O • O ■ O 



h-1 



The strings [0,2, ■ ■ ■ , a r ] and [bi — 1, . . . , b s ] at the ends are again conjugate. This 
contradicts our minimality assumption because c' = c — 1 < 4. 
Therefore, h = h = and 16.4. H is of the form 



a± c b± b s 
O • O • O • O 



Contracting black vertices we get 

a r C12 c— 2 bx — 1 b s 
O • O • O O • O 

Hence c = 4 and a-i > 3. Again the string [02, . . . ,a r ] is conjugate to both [b\ — 
l,...,b s ] and [c — 2, b± — 1, . . . , b s ], a contradiction. 

6.7.4. Now we consider the case where A3 contains exactly two (— 3)-curves. Then 
the graph [6~4. II has the following form: 

a r ai— 2 3 3 bi b s 
O • O • O 0---0 O 0---0 • O • O 

h I2 

(As above c\ > 2, since a\ = 2). If I2 > 0, then contracting both black vertices we 
get 

a r a,2 3 61 — 1 b s 
o • o — • — o • • • o — o — o • • • o — • — o • o 

Here again the strings [02, ... , a r ] and [bi — 1, . . . , b s ] are conjugate. This contradicts 
the case considered above. So, h = 0. Then contracting both black vertices we get 

a r 0,2 61— 1 b s 
O • O • O ■ • • O O • O 

h+2 

As above the string [a 2 , . . . , a r ] is conjugate to both [61 — 1, ... , b s ] and [2, . . . , 2, 61 — 
1, . . . , b s ], a contradiction. 

□ 

6.8. Corollary. Let f be a Q-conic bundle such that a general member H € \@x\c 
is not normal. Then the germ (H, C) is analytically isomorphic to the germ along 
the line L := {y = z = 0} of the hypersurface given by the following weighted 
polynomial of degree 2m in variables x, y, z, u: 

4> := x 2m - 2a y 2 + x 2a z 2 + yzu. 

in P(l, a, m — a, to), for some integers a, m such that < a < m and gcd(a, m) = 1. 
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Proof. By Proposition ^. 71 (iL C) is of tvpe !6.4.2l Then it is easy to see that the pair 
(H, C) up to analytic isomorphism is uniquely defined by the types of singularities 
— (1, a) and — (1,— a). On the other hand, the hypersurface cj> = satisfies the 
conditions of 16.4.21 □ 

Note that we are interested only in the germ of the hypersurface {ip = 0} along 

L. 

6.8.1. Remark. Since the germ ({<fi = 0},L) is analytically isomorphic to our 
(H, C), there is a rational curve fibration on ({</> = 0}, L) whose central fiber is L. 
One can check that this fibration is given by the rational function 



j,2a(m — a) ' 

which is regular in a neighborhood of L in H . 

6.8.2. Lemma. Let (H,C) be as in 16.81 and let s : H — > T be the corresponding 
rational curve fibration. Let t : X — > C be a one-parameter smoothing of {H, C) 
in a Q-Gorenstein family. If X has only terminal singularities, then {X,C) is a 
Q-conic bundle germ. 

Proof. Let V :— s~ 1 (o) (with the scheme structure) and let Z be the component of 
the Hilbert scheme of X containing the point o = [V] representing V. Let X C XxZ 
be the corresponding universal family. We have the following commutative diagram 



V W 




€■< Z 



where W := ir 1 (o). Both V and W are locally complete intersections. Moreover, 
I v jh% ~ 6 V © 6 V and Iw/Iw — @w ® 0w Since H 1 ^, (I v /I^) v ) = 0, Z is 
smooth at o and there is a natural isomorphism C 2 ~ T a z — H°(V, (Iy /Ly) y ). On 
the other hand, H°(V, {I w /IwY) - T o,z because W is a fiber of n. Therefore, there 
is a natural isomorphism H°(W, {Iw/IwY) — H ° '( v A J v I ' I V Y ') and the natural 
map [Jwl^wf (Iv/Iv) V ^ s a ^ so an isomorphism. Thus p is an isomorphism 
in a neighborhood of W. By shrinking X and X we may assume that there is a 
contraction X — > Z such that the whole diagram is commutative. □ 

The existence of a Q-Gorenstein smoothing follows from |Tzi09j . However in our 
particular case we can construct it explicitly: 

6.8.3. Lemma. Let (H, C), m, a be as in Corollarv \6.8[ For s = (si, . . . , S5) G , 
hypersurfaces H s C P(l, a, m — a, to) given by equation 

4> s := 4> + s 1 x 2m - a y + s 2 x m - a uy + s 3 x 2m + s 4 x m u + s 5 u 2 = 

form a miniver sal deformation family of the germ C C H . 
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Proof. We compute T^ G (H) from the Q-Gorenstein smoothing H C P := 
P(l,a, m — a, m) (cf. [Tzi09, §3]). By definition, T^ G (H) has an ^-structure and 
Tq G (H)V = Tq G (H^). Furthermore, we get an exact sequence 

J^om H (n p , G n ) — > J^om H {ff P {-H), & H ) — > Ty G (H) -> 

of sheaves with ^-structures. So T^ G (H) — ffp(2m)/G, where G is generated by <j> 
and its derivatives. A direct computation shows that x 2m ~ a y, x m ~ a yu, x 2m , x m u, 
u 2 form a C-basis of the vector space T^ G (H); x 2m ~ a y, x m ~ a yu generate the torsion 
part of T* G (H) and x 2m , x m u, u 2 generate T* G (H)/ (torsion) ~ ff P (2m) <g) & c - 

e P i{2). 1 a 

6.8.4. Example. Let a, f3 G C are some general constant and let X be the 
threefold given in P(l, a,m — a, m) x C t by 

c/> + (ax m - u)((3x m - u)t = 0. 

Then the singularities of X along the curve C := {y = z = t = 0} consists of a 
cyclic quotient singularity of type o, m — a) at {x = y = z = t = 0} and 
two (Gorenstein) ordinary double points at {ax m — u = y = z = t = 0} and 
{(3x m — u = y = z = t = 0}. The contraction X — > Z exists by Lemma \Q. 8. 2 1 

Thus Theorem [T3] is proved. Now assume that / is birational. 

6.9. Lemma ( Tzi05, Th. 5.6, (la)]). If f is birational, then C is reducible and 
the dual graph A (H' , C) is of the form [6~4~T1 

Proof. Assume that A(H',C) is of the form |6T4~21 Then the chain of smooth 
rational curves corresponding to the graph Ai — • — Z\ 2 is contracted by v. On 
the other hand, Ai and A 2 are conjugate. By Lemma 12.3.11 this configuration 
corresponds to a rational curve fibration, i.e., v is not birational, a contradiction. 

□ 

6.10. The singularity (H,Q) is a so-called degenerate cusp [SB83 . One can define 
the fundamental cycle T of {H, Q) and attach an invariant Q = —T 2 to (H, Q) such 
that 

( = 1 (H', Q') is a smooth point 4=^ (H, Q) ~ {y 2 = x 3 + x 2 z 2 }, 

C = 2 (if, Q') is a Du Val point (H, Q) ~ {y 2 = x 2 z 2 + x™+ 3 }, 
of type A n , n > 1 

C = 3^E(c l -2) = l <=► (if,Q)~{^ = 2/ + 3 + ^+ 3 }, 

a, b > 0, 

C = 4 E(ci - 2) = 2 ^emb dim(£T, Q) = 4, 

(see [SB831 §1]). Then by |Tzi09l Th. 3.1, Prop. 3.4] we have 

6.10.1. Theorem. In the above notations, a one parameter smoothing of [H,C) 
with only terminal singularities exists if and only if 

C\ + CI + 1+ 4S (A + 4<5 C2 + 3$ Ci 3 + 2S CA > 0, 

where S^j is Kronecker's delta. 
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6.10.2. Remark. One can see that the last inequality is equivalent to 



C? 



5-]T( Cl -2) >0, 



where we put — 2) = if A3 is empty. 

6.10.3. Example. Assume that the configuration in 16.4.11 is of the form 



Then (X, C) is a divisorial extremal neighborhood. By Proposition l6.3l everv mem- 
ber of \@x\c is non- normal. By 16.101 this H is general in \&x\c- 

7. On index two Q-conic bundles 

In this section we give examples of index two Q-conic bundles. Let y\, y 2 , 2/3, 
?/4; u, v be as in Theorem II .61 and let X C P(l, 1, 1, 2) x C 2 given by 

= ony\ + a 2 u e y 4 + (/3 2 u + v)y\ 
= a 3 {yl + ft 2/12/3) + a 4 uyl + vy 4 , 

where cti, ...,0:4 € C are general, Pi, 02 £ C are either zero or general, and e = 
1, 2, 3. Furthermore, C C X is given by 2/1 = 2/2 = u = v = 0. 

By Bertini's Theorem, we see that the singular locus, E, of X is contained 
in {u = v = 0}. Hence, E C {u = v = 2/1 = 2/2 = 0} and using notation 
[y : z] := (0 : : y : z) x (0, 0), we see 

a 2 eu e " 1 2/4 + #22/3 2 
v /3i2/3 OL A y\ 2/4, 

{[0:1]} if A 7^0, 

I 1 : ±^/a 4 /a 2 ,[0:1]} if ft = 0, /3 2 = 0, and e = 1, 

{[0 : 1]} if ft = 0, ft = 0, and e > 1, 

k {[l : a 4 /ft], [0 : 1]} if ft = 0, ft + 0, and e > 1. 

At [0:1], the singularity (X, [0 : 1]) is a hyper-quotient: 

{axyf + a 2 u e + fouyj - a 3 y%yl - a 3 ft2/i2/f - a A uy\ = 0}//x 2 (l, 1, 1, 0). 
By |Mor851 Cor. 2.1], we see that (X, [0 : 1]) is a terminal singularity of type 



E = \[y 3 - 2/4] 



rank 



<1 U{[0:1]} 



• |(1,1,1) if e= 1, 

• cAx/2 if e = 2 (cf. [Mor85| Thm. 12, (3)]), 

• cD/2 if e = 3 and ft ^ |Mor851 Thm. 23], 

• cE/2 if e = 3 and ft = (cf. |Mor851 Thm. 25]). 

Every other singular point, if any, is easily seen to be an ordinary double point, 
in particular a type (III) point. 

(i) Case ft ^ 0: In this case we can assume ft = —1 by change of coordinate 
2/i > — 2/i /ft, an d we are m case (i) 01 Theorem 11.61 In this case, [0 : 1] 
is the only singular point and it can be of type |(1, 1, 1), cAx/2, cD/2 or 
cE/2 as above. 

(ii) Case ft = 0: In this case we are in case (ii) of Theorem 11.61 The type of 
singularity of (X, C) in our example is 

. i(l,l,l) + (III)+(III) ifft=0ande = l, 



3(5 
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• cAx/2+(III) 

• cAx/2 

• cD/2+(III) 

• cE/2 



if fa ^ and e = 2, 
if /3 2 = and e = 2, 



if /?2 7^ and e = 3, and 
if /3 = and e = 3. 



In particular, we have shown that all types of terminal index two singularities can 
appear on Q-conic bundles as in Theorem II .61 
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